AN INTEGRAL STRUCTURE IN QUANTUM COHOMOLOGY AND 
MIRROR SYMMETRY FOR TORIC ORBIFOLDS 
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Abstract. We introduce an integral structure in orbifold quantum cohomology 
associated to the Tf-group and the F-class. In the case of compact toric orbifolds, 
we show that this integral structure matches with the natural integral structure for 
the Landau- Ginzburg model under mirror symmetry. By assuming the existence of 
an integral structure, we give a natural explanation for the specialization to a root 
of unity in Y. Ruan's crepant resolution conjecture |66| . 
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1. Introduction 

Mirror symmetry for Calabi-Yau manifolds can be formulated as an isomorphism of 
variations of Hodge structures (VHS for short): The A- model VHS [60] defined by the 
genus zero Gromov-Witten theory of X is isomorphic to the B-model VHS associated to 
deformation of complex structures of the mirror Y. As a consequence, one can calculate 
Gromov-Witten invariants of X from Picard-Fuchs equations for Y; such phenomena 
have been checked in many examples including toric complete intersections [38, 24] . 
However, while the B-model VHS has a natural integral local system H n (Y,'L), the 
A-model VHS seems to lack an integral structure. In this paper, we study the question 
"What is the integral local system in the A-model mirrored from the B-model?" Our 
calculation on compact toric orbifolds suggests that the X-group of X should give the 
integral local system in the A-model. 

Let us describe our X-theory integral structure in the A-model. The genus zero 
Gromov-Witten theory defines a family of commutative algebras (H*(X),o T ) on the 
cohomology group parametrized by r G H*(X), called quantum cohomology. The 
quantum D -module is given by a flat connection V on the trivial bundle H*{X) x 
H*{X) — * H*(X) with a parameter z £ C*, called the Dubrovin connection: 

V x = d x + \xo T , ler(I), 

where r denotes a point on the base and dx is the directional derivative (with respect 
to the given trivialization) . We can extend the Dubrovin connection in the direction 
of the parameter z (see Definition I2.2|) and get a flat if*(V)-bundle over H*(X) x C*. 
A general solution to the differential equation Vs(r, z) = is of the form s(r,z) = 
L(t, z)z~ fJ "z Cl ( x ^(f) for some (j) £ H*(X). Here fi is the grading operator ([7]) and L(r, z) 
is the fundamental solution (jlip which is asymptotic to e~ r l z in the large radius 
limit ([5]) . Let 5±, . . . ,5 n be the Chern roots of the tangent bundle TX and define a 
transcendental characteristic class T(TX) by (see (|23p for orbifold case) 

n / 
T(TX) := J] T(l + Si) = expf - 7Cl (V) + ]T(-l) fc (£; - l)!C(fc) ch k (TX) 

i=l ^ k>2 

where 7 is the Euler constant and £(s) is the Riemann zeta function. For V E K(X), 
we define a V-flat section Z(V) to be (see (|2l"|) ) 

Z(V)(t,z) := {2Ti)- n / 2 L{T,z)z-^z c ^ (f{TX) U (2^i) dog / 2 ch(F)) , 

where n = &\m.X. These flat sections 2(V), V G K(X) define an integral lattice in 
the space of V-flat sections. We call it the Y -integral structure. 

The mirror of a compact toric orbifold is given by a Landau-Ginzburg (LG) model. 
It is a pair of a torus Y q = (C*) n and a Laurent polynomial W q : Y q — > C on it (q 
is a parameter). The LG model defines a B-model D -module which is underlain by 
a natural integral local system generated by Lefschetz thimbles of W q . Under mirror 
symmetry (Conjecture I4.3|) . the quantum D-module of a toric orbifold is isomorphic 
to the B-model -D-module (Proposition 14.81) . Our main theorem is the following: 
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Theorem 1.1 (Theorem 14. lip . Let X be a weak Fano projective toric orbifold con- 
structed from the initial data satisfying p £ Cx (see Section CO]) . Assume that mirror 
theorem ( Conjecture and Assumption \2. 7| (c) hold for X. The V -integral struc- 
ture on the quantum D -module corresponds to the natural integral local system of the 
B-model D -module under the mirror isomorphism in Proposition ^ -8[ 

Conjecture 14.31 will be proved in joint work [23] with Coates, Corti and Tseng. In 
fact, both of the assumptions in the theorem are known to be true for toric manifolds. 
This theorem follows from the following equality of "central charges". We define the 
quantum cohomology central charge of V £ K(X) to be 

Under Conjecture 14.3^ Z(V) is given as a pairing of ch(V) and a cohomology-valued 
hypergeometric series H(q,z) (see ([34"]) and ([751) ). 



Theorem 1.2 (Theorem I4.14p . Under the same assumptions as Theorem the 
quantum cohomology central charge of the structure sheaf Ox is given by the oscillatory 
integral over the real Lefschetz thimble I\; 

(1) Z(O x )(T( q ),z) = -^[ e~ w ^ 



where t = r(q) is a mirror map in Lemma 



The relationship between iT-theory and quantum cohomology can be foreseen by 
Kontsevich's homological mirror symmetry. The integral local system of the B-model 
VHS on a Calabi-Yau Y can be measured by integration (period) over a Lagrangian 
n-cycle, an object of the Fukaya category of Y (A-type D-brane). Therefore, by homo- 
logical mirror symmetry, a coherent sheaf on X, an object of the derived category of X 
(B-type D-brane) should have a pairing with the quantum D-module and give a (dual) 
flat section of the Dubrovin connection. The quantum cohomology central charge Z(V) 
can be viewed as a "period of V" and the equality ([!]) should be generalized as 



Z(V)(T(q),z) = -±— [ e~ w ^ 



(2ir±) n 



mir(V) 



where mir(V) is the Lefschetz thimble mirror to V. Theorem 11.11 shows the existence 
of the map V i— ► mir(y) on the X-group level. This shows a /f-group version of 
Dubrovin's conjecture (Corollary I4.12p . 

In the context of toric mirror symmetry, closely related observations have been made 
by Horja [H], Hosono [H] and Borisov-Horja [12]. Borisov-Horja [12] identified the 
space of solutions to the GKZ system (corresponding to a toric Calabi-Yau X) with the 
i"C-group of X and showed that the analytic continuation of a solution corresponds to a 
Fourier-Mukai transformation between birational X } s. Hosono [35] proposed a central 
charge formula for Calabi-Yau complete intersections in toric varieties in terms of an 
explicit hypergeometric series. Our observation is based on non- Calabi-Yau examples, 
but all of their results can be understood from the T-integral structure. After the 
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preprint version [49j of this paper was written, a rational structure based on the same 
T-class was proposed by Katzarkov-Kontsevich-Pantev [53] independently. 

We hope that an integral structure exists globally on the Kahler moduli space - 
the (maximal) base space where the quantum cohomology is analytically continued. A 
global existence of an integral structure is relevant to Yongbin Ruan's crepant resolution 
conjecture. Roughly speaking, it says that for a crepant resolution Y of an orbifold X, 
quantum cohomology of X and Y are related by analytic continuation. In joint work 
[26] with Coates and Tseng, we proposed the picture that the semi-infinite variations 
of Hodge structures (^VHS) associated to quantum cohomology of X and Y match 
under a linear symplectic transformation U: T~i x — > 7i Y between Givental's symplectic 
spaces TL X , H Y (which are loop spaces on cohomology groups, see ([26]) ). This implies 
that the quantum Z)-modules of X and Y are isomorphic after analytic continuation. 
In this paper, we furthermore conjecture that the isomorphism of quantum D-modules 
preserves the K-theory integral structures on the both sides. Then the symplectic 
transformation U would be induced from an isomorphism Ur- : K(X) — > K(Y) of K- 
groups (f9"3"j) (\& below involves the V class, see 



K(X) K(Y) 



z -p z pq,1 



n x ® 0(c .) o(c*) n Y ® 0(c .) o(c*). 

In view of Borisov-Horja [12] . we hope that U^- is given by a geometric correspon- 
dence such as a Fourier-Mukai transformation. This picture (Proposal I5.7P gives us a 
natural reason why the quantum parameters should be specialized to roots of unity 
at the orbifold large radius limit point. In some cases, one can predict explicitly the 
specialization value/co-ordinate change using the T-class. 

This paper is a revision of the preprint [49] , where we also studied possible real struc- 
tures on quantum cohomology ^VHS, yielding Hertling's TERP structure [41] 142]. We 
showed that the (p,p)-part of quantum cohomology ^VHS is pure and polarized near 
the large radius limit point with respect to the real structure induced from the V- 
integral structure [Ml Theorem 3.7]. These properties — pure and polarized — are 
semi-infinite analogues of the Hodge decomposition and Hodge-Riemann bilinear in- 
equality and yield tt* -geometry \16\ I4~T] on quantum cohomology. The real structure 
part of the preprint [49] will appear in a separate paper [5T] . 

The paper is organized as follows. In Section 2, we introduce the T-integral struc- 
ture in orbifold quantum cohomology after reviewing the basics on orbifold quantum 
cohomology. In Section 3, we introduce Landau-Ginzburg mirrors to toric orbifolds 
and construct the B-model D-module from the LG model. In Section 4, we formu- 
late mirror symmetry for toric orbifolds in terms of a D-module, and prove the main 
theorem (Theorem 14. IIP . In Section 5, we propose the crepant resolution conjecture 
with an integral structure (Proposal I5.7P and study specialization values of quantum 
parameters using the notion of integral periods. 

We assume the convergence of quantum cohomology throughout the paper. We con- 
sider only the even parity part of the cohomology, i.e. H*(X) means (J)fc H 2k (X). We 
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also assume that a smooth Deligne-Mumford stack X in this paper has the resolution 
property i.e. every coherent sheaf is a quotient of a vector bundle, so that we can 
apply the orbifold Riemann-Roch (I22p to X. (A toric orbifold has this property. See 
[7TJ Theorem 2.1].) Note that the orbifold cohomology H* rh (X) is denoted also by 
Hqt>(X) in the literature. 

Acknowledgments Thanks are due to Tom Coates, Alessio Corti, Hsian-Hua Tseng 
for many useful discussions and their encouragement. This project is motivated by joint 
works |26l [2"2"1 123j with them. The author benefited from a number of valuable dis- 
cussions with Martin Guest and Claus Hertling and expresses gratitude to them. The 
author thanks valuable comments from Jim Bryan, Yongbin Ruan and the referees of 
the paper. This research was supported by Inoue Research Award for Young Scientists, 
Grant-in-Aid for Young Scientists (B), 19740039, 2007 and EPSRC(EP/E022162/1). 



Notation 

i imaginary unit i 2 = — 1 

X smooth Deligne-Mumford stack 

X coarse moduli space of X 

IX inertia stack of X 

T = {0} U T' index set of inertia components; 

inv: IX — ► IX, T — > T involution (x,g) t— * {x,g~ l ) 

l v age of inertia component v £T 

n, n v dime X, dime X v . 



2. Integral structure in quantum cohomology 

In this section, we review orbifold quantum cohomology and introduce the integral 
structure associated to the K- group and the T-class. Gromov-Witten theory for orb- 
ifolds has been developed by Chen-Ruan [181 02] i n the symplectic category and by 
Abramovich-Graber-Vistoli [2] in the algebraic category. The definition of the integral 
structure makes sense for both categories, but we work in the algebraic category. 

2.1. Orbifold quantum cohomology. Let X be a proper smooth Deligne-Mumford 
stack over C. Let IX denote the inertia stack of X, defined by the fiber product 
X x XxX X of the two diagonal morphisms A: X ^ X x X. A point on IX is given by 
a pair (x,g) of a point x € X and g G Aut(x). We call g the stabilizer of (x,g) £ IX. 
Let T be the index set of components of the IX. Let € T be the distinguished 
element corresponding to the trivial stabilizer. Set T' = T \ {0}. We have 

IX = | | X v = Xq U I I X v , Xq = X . 

vET veT 

We associate a rational number i v to each connected component X v of IX. This is 
called age or degree shifting number. Take a point (x, g) £ X v and let 

T X X= (T x X)f 

0</<l 
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be the eigenspace decomposition of T X X with respect to the stabilizer action, where g 
acts on {T x X)f by exp(2-7ri/). We define 

1-0=/, f &voac{T x X)f. 

0</<l 

This is independent of the choice of a point (x,g) G X v . The (even parity) orbifold 
cohomology group H* rh (X) is defined to be the sum of the (even degree) cohomology 
of X v , v G T: 

<b(*) = H k ~^(X v ,C)- 

fc-2i„=0(2) 

The degree k of the orbifold cohomology can be a fractional number in general. Each 
factor H*(X V ,C) in the right-hand side is same as the cohomology group of X v as a 
topological space. If not otherwise stated, we will use C as the coefficient of cohomology 
groups. We have an involution inv: IX — ► IX defined by inv(x,g) = (x,^ -1 ). This 
induces an involution inv : T — ► T. The orbifold Poincare pairing is defined to be 

(a, /3)orb := / aUmv*(P)=^2 ck„ U /3 inv („) , 

J IX t)gT ^ v 

where a v , (3 V are the v -components of a, (3. This pairing is symmetric, non-degenerate 
over C and of degree — 2n, where n = dime X . 

Now we assume that the coarse moduli space X of X is projective. The genus zero 
Gromov- Witten invariants are integrals of the form: 




where «j G H* vh (X), d G H2(X,Z) and k{ is a non-negative integer. [Ao i z i d] vir is the 
virtual fundamental class of the moduli stack Xq \^ of genus zero, /-pointed stable maps 
to X of degree d; evj : Xq i ^ — ► IX is the evaluation map3 at the i-th marked point; 
ipi is the first Chern class of the line bundle over Xo i d whose fiber at a stable map 
is the cotangent space of the coarse curve at the i-th. marked point. (Our notation is 
taken from Xqj^ is denoted by Kqi(X,(£) in [2].) The correlator ^ is non-zero 
only when d belongs to Eff^ C Hi(X,'L), the semigroup generated by effective stable 
maps, and Yh=i ( de § «» + 2k i) = 2n + 2 (ci (TX) ,d)+2l-6. 

Let {4>k\k=i and be bases of H* rh (X) which are dual with respect to the 

orbifold Poincare pairing, i.e. (</>«, <^) rb = <5f- The orbifold quantum product o T 
is a formal family of commutative and associative products on H* vh (X) <g> C[Eff^] 
parametrized by r G H* rh (X). This is defined by the formula: 

N 1 

deEff x Z>0 fc=l 



The map evi here is defined only as a map of topological spaces (not as a map of stacks). The 
evaluation map defined in [2 s is a map of stacks but takes values in the rigidified inertia stack, which 
is the same as IX as a topological space but is different as a stack. 
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where Q d is the element of the group ring CfEff^] corresponding to d G Eff;f. We 
decompose r G i7* rb (Af) as 

(3) T = r , 2 + r', r 0)2 G ff 2 ^), r' € H 2k (X) ® #*(*„). 

Using the divisor equation [721 E] , we find 

N 1 

(4) a. T /3= £ EElT<«'/ 3 '^---'^^C3,, e<r0 ' 2 '" > ^ fc - 

deEff^ Z>0 fc=l 

Therefore, the quantum product can be viewed as a formal power series in e Toa Q and 
t'. When this is a convergent power series, we can put Q = 1 and define 

°r := •t|q=i- 

Under the following convergence assumption, the product o r defines an analytic family 
of commutative rings (H ov ^(X),o T ) over U: 

Assumption 2.1. The orbifold quantum product o T is convergent over an open set 
U C H* QTh {X) of the form: 

U = {t G H* orh (X) ■ U(r ,2,d) < -M, Vd G Eff*\{0}, ||r'|| < e - M } 

for a sufficiently big M > 0, where r = tq 2 + r ' is the decomposition in © and || • || 
is some norm on H or ^(X). 

The domain U here contains the following limit direction: 

(5) $t(T ,2,d} -> -co, VdGEff^\{0}, r'->0. 

This is called the large radius limit. In the large radius limit, o T goes to the orbifold 
cup product U or b due to Chen-Ruan [18J. (For manifolds, U or b is the same as the cup 
product.) 

2.2. Quantum D-modules and Galois action. We associate a meromorphic flat 
connection (quantum D-module) to the orbifold quantum cohomology. We introduce 
certain automorphisms of the quantum D-module, which we call Galois actions. 

Take a homogeneous basis {(/)k}k=i of H* rh {X) and let {t k }^ =1 be the linear co- 
ordinate system on H* rh (X) dual to {4>k}k=i- Let r = ^2k = it k 4>k be a general point 
on U C H* lh (X). Let (r, z) be a general point onf/xC and (-) : U x C ^ U x C be 
the map sending (r, z) to (r, —z). 

Definition 2.2. The quantum D-module QDM(X) or A-model D-module is the tuple 
(i 7 , V, (•, consisting of the trivial holomorphic vector bundle F := H*(X) x (U x 
C) -> (7 x C, the meromorphic flat connection V 

Vfc = V^9_ = 7^7; + -<Pk°T 

5 1 

= z- E o T 

oz z 

and the V-flat pairing (•, ■)$•: 

(•,>: (-yO(F) <g> 0{F) - <W 
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induced from the orbifold Poincare pairing Fi T g \ x Fr TtZ \ = H* lh (X) x H* vh (X) — » C. 
Here E E 0(F) is the Euler vector field 

- 1 

(6) E := Cl (T^) + ^(l--deg(/> fc )t fc </) fc 

fc=i 

and /j, E End(/f* rb (A')) is the Hodge grading operator 

(7) At(^) := (7; de g0fc - 

The flat connection V is called the Dubrovin connection or the first structure connec- 
tion. The standard argument (as in [2S\ 157] ) and the WDVV equation in orbifold 
Gromov-Witten theory [2] show that the Dubrovin connection is flat. □ 



Note that the connection V defines a map: 

V: 0(F) -> 0(F)(U x {0}) ® 0uxC (vr*!^ O v 



dz . 



xC — ), 

z 

where tt: U x C — > £/ is the projection. By identifying 0j with the vector field d/dt l 
one can regard -E 1 as the vector field over U: 

N 8 N 8 
(8) ^ = £^+£(1--^*)** ' 



Q t k 2 &r ; dt k ' 

k=l k=l 



where we put c±(X) = Ylk=i r k4>k- The Euler vector field satisfies the property: 

n 

(9) Gr := 2(V zdz + V E + -) is regular at z = 0. 

The operator Gr: ©(i 7 ) — > 0(F) defines the grading for sections of F. 

Let i7 2 (A',Z) denote the cohomology of the constant sheaf Z on the topological 
stack X (not on the topological space). This group is the set of isomorphism classes 
of topological orbifold line bundles on X. Let Lg — > <Y be the orbifold line bundle 
corresponding to £ E H 2 (X,Z,). Let < < 1 be the rational number such that 

the stabilizer of X v (v E T) acts on L(\x v by a complex number exp(27ri /„(£)). This 
number /„(£) is called the age of along X v . 

Proposition 2.3. For £ E ff 2 (A',Z), i/ie bundle isomorphism of F defined by 
H* OTh (X) x(f/xC)^ H* OTh (X) x(UxC) 

gives an automorphism of the quantum D-module, i.e. preserves the flat connection V 
and the pairing (-,-)f- Here G(£),dG(£): H* rh (X) — > ff* rb (A') are defined by 

G(e)(r 0$r„) = (r - 2vri£ ) e 2 ™^, 

(10) 

dG(£)(r r„) = r © e 2 ™^r v , 
veT veT' 

where t v E H*(X V ) and £o * s ^ e image of £ in i? 2 (A?,Q). VFe caZZ i/izs Galois action 
ofH 2 (X,Z) on QDM(X). 
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Proof. For a±, . . . ,ai £ H* rb (X), we claim that 

( ai ,a 2 , a,) 0A d = er 27 *^ <dG(£)ai, <ZG(£)a 2 , . . . , dG(C)a { ) 0A<i . 

If there exists an orbifold stable map /: (C,x±, . . . ,x{) — ► of degree d, we have an 
orbifold line bundle f*L^ on C such that the monodromy at Xk equals exp(27ri/„ fc (£)) 
where evk(f) £ ^ fc - Then we must have 

degf*L^-J2f Vk eZ, i.e. e -^i«o,d>TJ e 2 7 ri/, i (0 = L 
fc=i i=l 

The claim follows from this. The lemma follows from this claim and (J2j). □ 

Without loss of generality, we can assume that U is invariant under the Galois action. 
By the Galois action, the quantum D-module descends to the quotient F/H 2 {X , Z) — > 
(C//i7 2 (^,Z)) x C. We refer to this fiat connection over (U/H 2 (X, Z)) x C also as the 
quantum D-module. 

2.3. The space of solutions to the quantum differential equation. The equation 
Vs = for a section s of F is called the quantum differential equation. A fundamental 
solution L(t,z) to the quantum differential equation can be given by gravitational 
descendants. Let pr: IX ^ X be the natural projection. We define the action of a 
class t £ H*(X) on H* lh {X) by 

r • a = pr*(r ) U a, a £ H* lh (X), 

where the right-hand side is the cup product on IX. We define 



AM I p~T0,2/z n/ 

[11) L(r,z)a:=e-^ z a- £ y/o,,r' r'.'——^) r 



X 



(d,0^(0,0) \ / Q,Z+2,<2 

deES x ,l<k<N 

where r = to^ + t' is the decomposition in ([3|) and l/(z + ip) in the correlator should be 
expanded in the series X^ ( — t) k z~ k ~ lr ip k . The following proposition is well-known 
for manifolds 1 63] [28] • 



Proposition 2.4. L(t,z) satisfies the following differential equations: 

(12) V fc L(T, z)a = 0, V z o z L(t, z)ct = L(r,z)(fia - -a), 

where a £ i?* rb (A? ), p := c\(TX) £ H 2 (X) and \x is the grading operator ([?[). The 
flat section L(r,z)a (flat in the T-direction) is characterized by the asymptotic initial 
condition: 

(13) L(r,z)a ~ e- T0 - 2/z a 
in the large radius limit (0) with t' = 0. Set 

z~^z p := exp(— /xlog z) exp(plog z). 
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Then we have 

(14) V fc (L(T, z)z-»z p a) = 0, V zdz (L(r, zJz-'Va) = 0, 

(15) (L(r, -z)a, L(r, z)/3) orb = (a, /3) orb , 

(16) dG^)L(G(0' 1 r,z)a = L(t, z)e- 27Ti ^ o/z e 2nif ^ ) a, if a G 
where dG(£),G(£) are the Galois actions for £ G H 2 (X,Z,) in Section \2. 2[ 



Proof. The first equation of (|12p follows from the topological recursion relation [721 
2.5.5] in orbifold Gromov-Witten theory. The proof for the case of manifolds can be 
found in [631 Proposition 2], [28, Chapter 10] and the proof for orbifolds is completely 
parallel. 

For the second equation of (fl~2j) . note that we can decompose L as L(t, z) = S(t, z) o 
e -ro,2/z £ or some End(-fT* rb (^))-valued function S(t,z). The homogeneity of Gromov- 
Witten invariants shows that S preserves the degree, i.e. [zd z + E + p) o S(t,z) = 
S(t, z) o (zd z + E + p), where E is regarded as the vector field (jHJ). Therefore, (zd z + 
E + p) o L(t, z) = L(r, z) o (zd z + E + p — p/z). The second equation of (fT2"j) follows 
from this and the first equation. 

The asymptotic initial condition (|13p is obvious from the definition (jlip . 

The equation (|14p follows from (|12|) and the fact that z~ p z p a satisfies the differential 
equation {zd z + p — p/z)(z~ p z p a) = 0, which follows easily from the commutation 
relation [p, p] = p. 

To show the equation (fT5l) . put s' = L(t, —z)a and s = L(t, z)(3. By using (fT2l) and 
the Frobenius property (a o T /3, 7) orb = (a, /3 o r 7) or b, we have 

9 1 1 

(8 , •s)orb = -(4>k °r S , s) orb - -(s , <p k o T s) orh = 0. 

Hence (s', s) orb is constant in r. Using the asymptotics s' ~ e T °* 2 ^ z a and s ~ e~ T °' 2 / z /3, 
we have 

(s',s) orb ~ (e- T0 ^a,e T0 - 2 / z /?) orb = (a,/5) orb 

and the equation (|15|) follows. 

Since the Galois action preserves V, it follows that dG(£)L(G(£) _1 T, z)q is flat in 
the r-direction. The equation (|16p follows from the characterization (|13p and the 
asymptotics dG(£)L(G(£)- 1 r, *)a ~ e-^/v*^/'^^^. □ 

Although the convergence of L(r, z) is not a priori clear, we know from the differen- 
tial equations above and the convergence assumption of o r that L(t, z) is convergent 
on (t,z) EUxC*. 

Definition 2.5. The space S(X) of multi-valued V-flat sections of the quantum D- 
module (F, V, (-, -)f) is defined to be 

S(X) := {s G r([/ x C*,C(F)) ; Vs = 0}, 

where C* is the universal cover of C*. This is a finite dimensional C-vector space with 
dimS^) = dimff* rb (^). The pairing (•, ■)$ on S{X) is given by 

(17) (si, s 2 )s ■= (si(r, e^z), s 2 (t, z)) orb G C, 
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where si(t, e^z) is the parallel translate of si(t, z) along the counter-clockwise path 
[0, 1] 3 9 i— > e lne z. Note that the right-hand side is a complex number which does not 
depend on (r, z). The Galois action in Proposition 12,31 defines an automorphism of 
S(X) for f G H 2 (X,Z): 

(18) G S (H):S(X)^S(X), s(T,z)^dG(Os(G(ty 1 T,z). 

Using the fundamental solution in Proposition 12.41 we define the cohomology framing 
Z coh : H* orh (X) - S(X) ofS(X) by 

(19) Z coh (a) := L(T,z)z~»z p a. 

The pairing and the Galois action on S(X) can be written in terms of the cohomology 
framing as 

(Z coh (a),Z coh ((3)) s = (e^a,e^/3) orb , 

(20) G s (0(Z coh (a)) = Z coh ((0 e- 2 ^e 2 ™^)a). 

Here £ G i^ 2 (^, Q) and /„(£) G [0, 1) D Q are introduced before Proposition O The 
first equation follows from (jl5f) and the second equation follows from (I16p . □ 

The Galois actions on S(X) can be viewed as the monodromy transformations of 
the flat bundle F/H 2 (X, Z) -► (U/H 2 (X, Z)) x C* in the r-direction. The monodromy 
with respect to z is given by 

(21) [2coh(a)U e2 ^ = Z C oh(e- 2wi ^ 2 ^a) 

This coincides with the Galois action (— l) n G s ([Kx]) and also corresponds to the 
Serre functor of the derived category D(X). Here, [K%] is the class of the canonical 
line bundle. When X is Calabi-Yau, i.e. K% is trivial, the pairing (-,-)s is either 
symmetric or anti-symmetric depending on whether n is even or odd. In general, this 
pairing is neither symmetric nor anti-symmetric. 

2.4. T-integral structure. By an integral structure in quantum cohomology we mean 
a Z-local system Fz — > U x C* underlying the flat bundle (F, V)|[/ X c* ■ This is given by 
an integral lattice S(X)i in the space S(X) of multi-valued flat sections of QDM(X). 
There are a priori many choices of integral lattices in S(X). We introduce the T-integral 
structure which has several nice properties. 

Let K(X) denote the Grothendieck group of topological orbifold vector bundles on 
X. See e.g. [SEE] for vector bundles on orbifolds. For an orbifold vector bundle V on 
the inertia stack IX, we have an eigenbundle decomposition of V\x v 

V\x v = V vJ 

0</<l 

with respect to the action of the stabilizer of X v . Here, the stabilizer acts on V v j by 
exp(27ri/) G C. Let pr: IX — > X be the projection. The Chern character ch: K(X) — > 
H*(IX) is defined for an orbifold vector bundle V on X by 

ch(y):=0 £ e 2 ^ ch((pr* V) vJ ) 
veT o</<i 
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where ch is the ordinary Chern character. For an orbifold vector bundle V on X, let 
fiv,f,i, i = 1, ■ ■ ■ ,l v ,f be the Chern roots of (pr* V) v j. The Todd class Td: K(X) — » 
H*{lX) is defined by 

Td(V) — (J) _ e -2ir±f e -8 v , fJ LI 1 _ e -5^,o,i 

»eT0</<l,l<!<i„ 1 / /=0,l<i<Z„, 

These characteristic classes appear in the following theorem. 

Theorem 2.6 (Orbifold Riemann-Roch [541 170]). Assume that X has the resolution 
property (see e.g. For a holomorphic orbifold vector bundle V on X , the Euler 

characteristic X^Y) * s given by 

dim X „ 

(22) X (V) := Y,{-iydmiH l {X,V) = ch(V) U Td(TX). 

i=o Jix 

Define a multiplicative characteristic class T: K{X) — > H*{IX) by 

(23) r(V):=0 l\T(l-f + 8 vJ , t )£H*(IX), 

veT o</<i i=l 

where is the same as above. The Gamma function on the right-hand side should 
be expanded in series at 1 — / > 0. We assume the following conditions. 

Assumption 2.7. (a) The map ch: K(X) — > H*(IX) becomes an isomorphism after 
tensored with C. 

(b) The right-hand side of the orbifold Riemann-Roch formula (|22p takes values in Z 
for any (not necessarily holomorphic) complex orbifold vector bundle V on X. Define 
x(V) t° be the value of the right-hand side of (|22|) for any orbifold vector bundle V. 

(c) The pairing (Vi, V2) > x(Yi ® Vz) on K{X) induces a surjective map K(X) — > 
Rom(K(X),Z). 

Remark 2.8. (i) When X can be presented as a quotient \y/G\ as a topological orb- 
ifold, where Y is a compact manifold and G is a compact Lie group acting on Y with 
at most finite stabilizers, Part (a) of the assumption follows from Adem-Ruan's decom- 
position theorem (3J Theorem 5.1]. Note that an orbifold without generic stabilizers 
can be presented as a quotient orbifold [Y/G] (see e.g. [3]). 

(ii) When X is again a quotient orbifold [Y/G], Part (b) follows from Kawasaki's in- 
dex theorem for elliptic operators on orbifolds (whose proof uses the G-equivariant 
index). The right-hand side of (j22H becomes the index of a certain elliptic operator 
8 + 8 : V <g> f^ even - V n u f aa , where d is a not necessarily integrable (0, 1) con- 
nection and d* is its adjoint. The author does not know a purely topological proof. 

(iii) Part (c) would follow from a universal coefficient theorem and Poincare duality 
for orbifold iT-theory (which are true for manifolds), but the author does not know a 
proof nor a reference. □ 
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Definition 2.9. We define the K -group framing Zk- K{X) — ► S{X) of the space 
S (X) of multi- valued flat sections of the quantum D-module by the formula: 

Z K (V) := Z coh (^(V)) = L(t, z)z-»zP*(V), 

(24) 

where := {2^)' n / 2 T{TX) U (2vri) dc s/ 2 inv*(ch(y)). 

Here deg: H*(IX) — > H*(IX) is a grading operator on H*(IX) defined by deg = 2k on 
J ff 2fe (/A'jlandUisthecupproductiniJ*(/A'). We call the image S(X) Z := Z K (K(X)) 
of the i"C-group framing the Y -integral structure. □ 

Proposition 2.10. Assume Assumption 2.1 . The Y -integral structure S{X)i satisfies 
the following properties. 

(i) By Part (a) of the assumption, S(X)i is a Z-lattice in S(X): 

S{X)=S(X) Z 

(ii) The Galois action G (£) on S(X) in \18\) preserves the lattice S(X)x and cor- 
responds to the tensor by the line bundle in K{X): 

Z K (q^V) = G s (i){Z K (V)). 

where is the line bunlde corresponding to £ 6 H 2 (X,Z). 

(Hi) The pairing (•, -)s on S(X) in (fi7| ) corresponds to the Mukai pairing on K(X) 
defined by (V u V 2 ) K{X) := X (^ 2 V ® V{): 

{Z K {Vi),Z K (V 2 ))s = {Vt,V 2 ) K{x) . 

In particular, the pairing (■,-)s(x) restricted on S{X)i takes values in Z by Part (b) 
of the assumption and is unimodular by Part (c). 

Proof. Because T^U and (27ri) dog//2 are invertible operators over C, Part (a) of As- 
sumption 12.71 implies (i) . It is easy to check the second statement (ii) . For (iii) , we 
calculate 

{Z K {V{),Z K {V 2 ))s = (e^iVt), e^{V 2 )) mh by ® 
= ?irE / (^ ip r(TA') inv( , ;) (2vri)^ch(y 1 ),) 

U (e^^-t +^)f (TX) v (2iri) d -?ch(V 2 ) inAv) ) by {2 
= — i— V(2^i) dim ^x 

f nr(i - 7 + %£)r(i / %r)- el&ty x \ ■ e^-^^(v 2)inv{ri . 

Jx v 

where a v denotes the ^-component of a G H* lh (X). We used the fact that fJ-\n*(x v ) = 
h ~ f + ^ in the second step and that f x ((2n±)~^a) = (2iri) Alra Xv f x a in the 



2 Note that deg is the degree of the cohomology class as an element of H*(IX), not as an element 

of H: Tb (x). 
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third step. We also used the fact that {5- m y(y)j t i}i = {& v ~tj}ii where 

7 fi-/ if < / < 1, 
\0 if/ = 0. 

Using T(l — z)T(z) = it/ sin(-7rz) and Ylfi <W,« = pr* p\x v , we calculate 

JjT(l -/ + %£)r(l -/-%£•) = (27ri) n_dim ^ e _ 2 e~ nil/v Td(TX) v . 
f,i 

The conclusion follows from the orbifold-Riemann-Roch (I22p . □ 

The lattice S(X)z C <S(<f) defines a Z-local system F% — > C7 x C* underlying the 
flat vector bundle (F|i/xC*) V). Because S(X)% is invariant under the Galois action, 
the local system — > ?7 x C* descends to a local system over (U/H 2 (X, Z)) x C*. 

Remark 2.11. When we consider the algebraic part of quantum cohomology, we can 
instead use the iT-group of algebraic vector bundles or coherent sheaves to define an 
integral structure. Let A*(X)c denote the Chow ring of X over C. We set M*(X V ) := 
Im(A*(X v ) c -» H*(X V )) and define H* rb (^) := ® veJ W(X v ). Under Assumption EH 
the algebraic quantum D-module is defined to be the holomorphic vector bundle 

KrbW x ( u ' xC)->(u'xC), u' = u n KrbW 

endowed with the restriction of the Dubrovin connection to U' and the orbifold Poincare 
pairing. The Galois action on it is given by an element of Pic(A'). Here we used the fact 
that the quantum product among classes in H* rb (A') again belongs to H* rb (A'); this 
follows from the algebraic construction of orbifold Gromov-Witten theory [2]. When 
we assume Hodge conjecture for all X v , each H*(A^) has Poincare duality and the 
orbifold Poincare pairing is non-degenerate on H* rb ( i ; f). Definition 12.91 applies to this 
algebraic quantum D-module with K(X) being the algebraic iT-group. □ 

We introduce the quantum cohomology central charge of V £ K(X) associated to 
the T-class to be the function: 

(25) Z(V)(t,z):=c(z) [ Z k (V)(t, z) = c(z)(l, Z K (V)(r, z)) olh 

Jx 

where c(z) = (2vrz) n / 2 /(2vri) n is a normalization factor, cf. Hosono's central charge 
formula [45|, Definition 2.1] for a Calabi-Yau X given in terms of periods of the mirror. 
For Calabi-Yau 3-folds, the author hopes that our Z(V) gives the physics central 
charge of the B-type D-brane in the class V. This plays an important role in the 
Douglas-Bridgeland stability on derived categories [31], [T5] . 

2.5. Givental's symplectic space, ^VHS and J-function. Givental's symplectic 
space [391 [25] is t ne loop space on H* vh (X) with a loop parameter z. This is identified 
with the space of sections of QDM(X) which are flat only in the r-direction. In the 
Givental space, QDM(X) can be realized as moving semi-infinite subspaces. This is 
an example of semi-infinite variation of Hodge structure (^VHS for short) due to 
Barannikov [71 [8]. The J-function is the image of the unit section 1 in this realization. 
The notion of ^ VHS will be used only in Section [5l 
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Definition 2.12. Let 0(C*) denote the space of holomorphic functions on C* with 
the co-ordinate z. The Givental space TL is defined to be the free 0(C*)-module: 

(26) H = H* lh (X) ®0(C) 
endowed with the pairing (-, : H x H — > 0(C*) 

(27) (a(z),P(z)) n := (a(-z), P(z)) 0lh . 

and the symplectic form Q(a(z), (3{z)) = Res z= o dz(a(z), I3{z))y_. Using the funda- 
mental solution L(t,z), we identify TL with the space of sections of QDM(X) which 
are flat in the r-direction. 

(28) H3a> — > L(r,z)a E F(U x C*,0(F)). 

Note that under this identification, (■,■)■}{ corresponds to (-,-)f by (|15j) . The Galois 
action on flat sections (fT8|) induces a map G w (£) : TL — > TL: 

(29) G h (£){t q ©0r„) = e- 27ri «°/ 2 ro © e- 2ni ^ z e 2nif ^T v , 

veT veV 

by ([IS]). Here we used the decomposition TL X = 0„ eT H*[X V ) ® 0(C*). □ 

We introduce the ^VHS associated to quantum cohomology. Let 7r : C7 x C — > C7 be 
the natural projection. Under the identification ([28]) . the fiber (7r*C(F)) r at r G f/ is 
identified with the semi-infinite subspace F T of TL: 

F T := J T (H* OTh (X) ® 0(C)), J r := L(r, z)" 1 . 

We call F T the semi-infinite Hodge structure. This satisfies the following properties: 

• X¥ T C z~ 1 F T for a tangent vector X G T T £7; 

• F T is isotropic with respect to $7, i.e. (F T ,F T )^ C 0(C); 

• (2£ + V^jF r CF T . 

Here we regard r i— ► F T as a holomorphic map from U to the Segal- Wilson Grassman- 
nian (see e.g. [65]). Also V z q z denotes the operator on TL induced from V z q z . We call 
the family thF t (a moving subspace realization of) a ^ VHS. The first property is 
an analogue of Griffith transversality and the second is the Hodge-Riemann bilinear 
relation. We refer the reader to [26, Section 2], |49[ Section 2] for the details. 

Remark 2.13. The ^VHS defines a Lagrangian cone C in TL: 

(30) C := (J z¥ T . 

This plays an important role in Givental's theory. The cone C can be written as the 
graph of the differential dJ^o of the genus zero descendant potential To (with a dilaton 
shift). We refer the reader to [25] for this connection. 

Using the fact that L(t, z)" 1 is the adjoint of L(t, —z) with respect to the orbifold 
Poincare pairing (see (|15p). we can calculate the embedding J r = L(r, z)^ 1 : (ir*0(F)) T <- 
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TL explicitly as follows: 

(31) J T a = eWa + £ E £ («' ^ • • • > ^ ^'^l 
V MMnnl i=i i- \ Z V/ 0,l+2,d J 



(d,Z)^(0,0) i=l 



Definition 2.14. The J -junction [381 EH EH] is the image of the unit section 1 under 
the embedding J T : (^©(i 7 )),- <— > H: J(r, z) := JJ T 1 = L(r, z) _1 1. Because the unit 
section 1 is invariant under the Galois action, we have 



(32) J(G(Or,z)=G n (OJ(r,z) 

which follows from (1161). □ 



The J-function is the unit section 1 expressed in the r-flat frame L(r,z). The H- 
function Hk(t, z) is defined to be the K{X) <g) C-valued function which expresses 1 in 
terms of the -fT-group framing ()24[) : 

(33) H k (t, z) := c(e-™z) ■ ^{z'P 'z"L(t, z)' 1 1), 

i.e. c(e-™z)l = Z k (H k (t, z))(t, z). Here c{e~^z) := (2itz) n ' 2 /{-2ir) n is a nor- 
malization factor. We also use -ff*(iVf )-valued function H(t,z) := c\i(Hk(t, z)). The 
quantum cohomology central charge (|25p can be written as (c/. |45[ Eqn. (2.3)]): 

(34) Z(V)(t,z) = X (H K (T,e ni z)®V v ) = I H(t, e ni z) U ch(V rV ) U Td(TA'). 

J IX 

Proof. We have Z(V)(t,z) = (Z k {H k (t, e ni z))(T, e* 1 *), Z k (V)(t, z)) olh . The formu- 
las follows from this, Proposition 12.10] (iii) and orbifold Riemann-Roch (]22p . □ 



3. Landau-Ginzburg mirror of toric orbifolds 

In this section, we describe the Landau-Ginzburg (LG) models which are mirror to 
compact toric orbifolds. The LG mirrors for toric manifolds have been proposed by 
Givental [371 EE] and Hori-Vafa [13] and they are easily adapted to the case of toric 
orbifolds. We also construct a meromorphic flat connection (B-model -D-module) over 
the product of C with the parameter space M of the LG models. The B-model D- 
module has been studied in singularity theory as the Brieskorn lattice. We give an 
analytical construction based on oscillatory integrals. See Sabbah [67] for an algebraic 
construction (for a tame function on an algebraic variety) using the Fourier-Laplace 
transform of the algebraic Gaufi-Manin system (see also [68, 30J). 

3.1. Toric orbifolds. To fix the notation, we give the definition of toric orbifolds and 
collect several facts. By a toric orbifold, we mean a toric Deligne-Mumford stack in 
the sense of Borisov-Chen-Smith [ID]. We only deal with a compact toric orbifold with 
a projective coarse moduli space and define a toric orbifold as a quotient of C m by an 
algebraic torus T = (C*) r . The basic references for toric varieties (orbifolds) are made 

to [BH EM Q3JI- 



AN INTEGRAL STRUCTURE IN QUANTUM COHOMOLOGY 



17 



3.1.1. Definition. We begin with the following data: 

• an r-dimensional algebraic torus T = (C*) r ; we set L := Hom(C*,T); 

• m elements D u . . . , D m G L v = Hom(T, C*) such that L v ® E = YT=i 

• a vector rj G L v M. 

The elements Di, . . . , D m define a homomorphism T — ► (C*) m . Let T act on C m via 
this homomorphism. The vector r/ defines a stability condition of this torus action. 
Set 

A:={IC {l,...,m} ; ^K >0 A9»l}. 

A toric orbifold X is defined to be the quotient stack 

X = [U V /T], U v :=C m \\j£ I , 

where C 1 := {(zi, . . . , z m ) G C' m ; Zj = for i ^ J}. Under the following conditions, 
X is a smooth Deligne-Mumford stack with a projective coarse moduli space: 

(A) {1, . . . ,m} G A. 

( B ) E ie / M A = L v ® M for / G A 

(C) {( Cl ,...,c m )GM^ ; E£iC*A = 0} = {0}. 

The conditions (A), (B) and (C) ensure that A' is non-empty, that the stabilizer is 
finite and that X is compact respectively. The generic stabilizer of X is given by the 
kernel of T —* (C*) m and dime X = n := m — r. 

We can also construct X as a symplectic quotient as follows (see also [6]). Let Tr 
denote the maximal compact subgroup of T isomorphic to Let f) : C m — > L V <8)1R 

be the moment map for the TR-action on C m : 

m 

f|(zi, . . . , Zm) = |zj| 2 A- 
i=l 

The Tjg-action on the level set f} _1 (r/) has only finite stabilizers and we have an iso- 
morphism of symplectic orbifolds: 

(35) X * (T^/Tr. 

By renumbering the indices if necessary, we can assume that 

{1, . . . , m} \ {i} £ A if and only if 1 < i < m' 

where m! is less than or equal to m. We can easily check that I D {w! + 1, . . . , m} 
for any I £ A and D m / + i, . . . , D m are linearly independent over R. The elements 
D\ , ... , D m define the following exact sequence 

(36) o > L (Dl '-' Dm) : Z m AT ► 0, 

where AT is a finitely generated abelian group. By the long exact sequence associated 
with the functor Tor,(— ,C*), we find that the torsion part -ZVtor = Tori(7V,C*) of N 
is isomorphic to the generic stabilizer Ker(T — ► (C*) m ). The free part A^f^ = N/N tor 
is of rank n = dime X . Let b\, . . . , b m be the images in N of the standard basis of 7h m 
under (3. The stacky fan of X, in the sense of Borisov-Chen-Smith [10] . is given by the 
following data: 
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• vectors b±, . . . , b m < in N; 

• a complete simplicial fan E in N <g> R such that 

(i) the set of one dimensional cones is {R>o&i, ■ • • , R>o&m'}; 

(ii) a i = ^>(A defines a cone of E if and only if J 6 A 

The toric variety defined by the fan E is the coarse moduli space of X. The conditions 
(B) and (C) correspond to that E is simplicial and that E is complete, i.e. the union 
of all cones in E is N ® R. An element of A may be referred to as an "anticone" . 

Remark 3.1. Borisov-Chen-Smith [10] defined a toric Deligne-Mumford stack starting 
from data of a stacky fan. Our construction can give every toric Deligne-Mumford 
stack in their sense which has a projective coarse moduli space. Note that the vectors 
b m '+i> ■ ■ ■ > b m do not appear as data of a stacky fan. The stacky fan together with 
these extra vectors gives an extended stacky fan in the sense of Jiang When we 
start from a stacky fan, our initial data can be given as the kernel of the map (5 by 
choosing extra vectors 6 m '+i, . . . , b m G N such that [3 is surjective. These redundant 
data allows us to define X as a quotient by a connected torus T. 

3.1.2. Kahler cone and a choice of a nef basis. Since every element of A contains 
{m! + 1, . . . , m}, it is convenient to put 

A' = {/' C {1, . . . , m'} ; I' U {m + 1, . . . , m} G A}. 

We can easily see that U v factors as 

U v =U^x(C*) m - m ', U' n 

Thus we can write 

X = [U'^/G], G := Ker(T -» (C*) m -» (C*){ m '+ 1 >->™}). 

Note that G is isomorphic to (C*) r ' times a finite abelian group for r' := r — (m — m'). 
Every character £ : G — > C* of G defines an orbifold line bundle Lg := W' Xg,§ C — > ^. 
Under this correspondence between £ and L^, the Picard group Pic(A') is identified 
with the character group Hom(G, C*) and also with i7 2 (^,Z) (via ci): 

Pic(Af) ^ Hom(G, C*) = L v / Z A = H 2 (X, Z). 

The image Dj of D{ in if 2 (^,R) is the Poincare dual of the toric divisor {z{ = 0} C X 
for 1 < i < m' . Over rational numbers, we have 

H 2 (X, Q) = L v (g) Q/ EZ m >+l QA, 

ff 2 (Af,Q) ^Ker((D m / +1 ,...,D m ): L^Q^Q"') C L ® Q. 

Now we introduce a canonical splitting (over Q) of the surjection L v ®Q —> H 2 (X, Q). 
For m' < j < m, bj is contained in some cone in E since E is complete. Namely, 

(37) bj = V] Cj-j&i, iniV®Q, c,j > 0, 37,- G ^, 



= C m '\ J c/ '- 

I'$A' 



AN INTEGRAL STRUCTURE IN QUANTUM COHOMOLOGY 19 



where Ij is the "anticone" of the cone containing bj. By the exact sequence ([36 
tensored with Q, we can find Dj 6L®Q such that 



1 i = j 



Note that Dj is uniquely determined by these conditions. These vectors Dj define a 
decomposition 

m 

(38) L v ®Q = Ker(( J D^, +1 ,..., J D^) : L v 0Q^Q m " m ')e QDj. 

j=m'+l 

The first factor Ker(L>^, +1 , . . . , D^) is identified with H 2 (X , Q) under the surjection 
L v <g> Q -> £T 2 (;r,(Q>). Via this decomposition, we henceforth regard H 2 (X,Q) as a 
subspace of L v £g> Q. We define an extended Kdhler cone Cx as 

C x = f| R>oA) CL V ®1. 
Je.4 ieJ 

Then n £ Cx and the image of ry in i7 2 (A',]R) is the class of the reduced symplectic 
form. The set Cx is the connected component of the set of regular values of the 
moment map f) : C m — > L v (g> R, which contains r/. The extended Kahler cone depends 
not only on X but also on the choice of our initial data. The genuine Kdhler cone Cx 
of X is the image of C x under L v (g> R ^ H 2 (X, R): 

Cx = fl E K >oA) C ^ 2 (^,R) = ir 1,1 (A',R) 
/'e.4' ie/' 

where Di is the image of Di in # 2 (;r,R). The next lemma means that the extended 
Kahler cone also "splits". 

Lemma 3.2. C x = C x + EJU'+i M >o^i m L v ® R ^ if 2 (^,R) © ©™ m , +1 R£> r 

Proof. First note that for 1 < i < m', Di = -Dj+Ej>m' c jiDj, where Cji = — (^D^, DV\ > 
0. Take /' G .A' and put I = I' U {m' + 1, . . . , m}. It is easy to check that 

m m 

^R >0 A+ Yl ^>oDj = J2 R >oD k n f| PJ>0}, 

ie/' jr'=m'+l fee/ j=m'+l 

where we regard Dj as a linear function on L v <g> R. Thus + Y^j> m ' ^->oDj = 
Cx n f]f =m , +1 {Dj > 0}. For j > m', take I,- G .A appearing in (|37|). Then (7* C 
£ fceJ K >0 Dfc C {Dj > 0}. The conclusion follows. □ 

We choose an integral basis {pi, . . . ,p r } of L v such that p a is in the closure c\{Cx) of 
Cx for all a and p r '+l> • • • ,Pr are in YliLm'+l ^>oA- Since the decomposition (|38l) is 
defined over Q, it is not always possible to choose pi, . . . ,p r i from cl(Cx). The images 
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Pi,... ,p r i of pi, ... ,2V i n H 2 (X,M) are nef and those of p r '+i, ■ ■ ■ ,p r are zero. Define 
a matrix (mj a ) by 



(39) A = ^2 miaPa, m ia £ Z. 

0=1 

Then the class A of the toric divisor {zi = 0} is given by 

r' 

(40) A = m ia p a . 

a=l 

Then A; = for m! < j < m. 

3.1.3. Inertia components and orbifold cohomology. We introduce subsets K, K e ff of 
L (g> Q by 

I = {d6L®Q; {t € {1, . . . , m} ; (A, d) £ Z} G ^}, 
Keff = {d€L®Q; {i€{l,...,m}; (A, d) € Z> } € .4}. 

The sets K and K c g are not closed under addition, but L acts on K. The set K c g n 
H2(X,M) consists of classes of stable maps from P(l,a) to X for some a £ N. It 
follows from the definition that the K e g pairs with Cx positively. The index set T of 
components of the inertia stack IX is given by Box [10J: 



Box := ju £ AT ; u = ^ c fc 6 fc in JV ® Q, c fc £ [0,1), I £ 

For a real number r, let \r~\ , |_f J and {r} denote the ceiling, floor and fractional part 
of r respectively. For d £ K, we define v(d) £ Box by 



v(d) :=Y J \(D l ,d)]b i € N. 
i=l 

Note that v(d) belongs to Box because 

m m 

v(d) = (Di,d)} + (A, d))bi = Y,i- (A, d)}bi in AT ® 



i=l i=l 



by the exact sequence (|36|) . This map d i— ► u(d) factors through K — > K/L and identifies 
K/L with Box. The corresponding inertia component^ A^,/^ is defined by 

x v(d) '■= {[*ii • ■ ■ > G ^ ; = if (A, d) $■ 

The stabilizer along X v ^ is defined to be exp(— 2iry/— Id) £ L (g> C* = T, which acts 
on C m by 

/ e -27rl<Di,d) ... e -27ri(D m ,d>^ 



^When d £ K c ff n Hz{X, Q), the evaluation image of a stable map P(l, a) — ► A 1 of degree d at the 
stacky marked point P(a) £ P(l,a) lies in A; nv („( d )) . 
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It is easy to check that X v tj\ depends only on the element v(d) G Box. The age of 
x v{d) is g iven W 

m m! 

(41) i v{d) = <A,d» = £{- <A,rf)}- 

i=i i=i 

The inertia stack and orbifold cohomology are given by 

(42) IX = □ i4 b (*) = F'-^(^). 

i>6Box i)GBox 

Denote by l v the unit class of H*(X V ). Each inertia component X v is again a toric 
orbifold and its cohomology ring is generated by the degree two classes p 1 , . . . , p r i : 

43 W . _ 

where 3„ (d) := (n ieJ A ; {1 < i < m ; (A, d> € Z} \ I A) . 

Here we regard Di as a linear form (|4Up in p a . For £ G L v , let [£] be the image of £ in 
LV /E^m'+l Z A - # 2 (*,Z)- The age /„(£) = /„([£]) G [0,1) of the line bundle L € 
(see Section I2.2|) is given by 

(44) /„ W (0 = ^K. 

3.1.4. Weak Fano condition. The first Chern class p = ci(TVt) G H 2 {X, Q) of <Y is the 
image of the vector p G L v : 



m 



p := A H h -Dm = ^2 PaPa, Pa ■= ^ mj 

a=l i=l 

We call <Y u>ea& Fano if p is in the closure c\(Cx) of the Kahler cone Cx- We shall 
need a little stronger condition p G c\{Cx)- This condition p G cl(C^) depends not 
only on X but also on our initial data in Section [3.1. H i.e. the choice of the vectors 
b m '+l, ■ ■ ■ ,b m e N. 

Lemma 3.3. We have p G cl(Cx) if and only if p G cl(C^) (i.e. X is weak Fano) and 
&ge(bj) := Yligi- c ji — 1 f or a ^ 3 > m ' '• tfbj e Box, age(6j) coincides with i\ >i in ( f^I] ); 

Cji. 



See |^7[ ) for the definition of Ij and 
Proof. From A = A + S,> m ' c j*A> we ^ave 



p = p + ^(l-age%))A 

j>m' 

The conclusion follows from Lemma 13.21 □ 

When p G cl(C^), we can choose a basis p\, . . . ,p r G c\{Cx) so that p is in the cone 
generated byp a 's. Thus in this case, we can assume p a > without loss of generality. 

Remark 3.4. The condition p G c\{Cx) depends on the choice of our initial data. 
This can be achieved if X is weak Fano and if in addition its stacky fan satisfies 

{v G Box ; age(f ) < 1} U {b\, . . . , b m /} generates N over Z. 

If this holds, we can choose 6 m '+i, • • • , b m G Box so that {b±, . . . , b m } generates N and 
age(fej) < 1 for m! < j < m. Then the exact sequence ([36]) determines D\, . . . , D m and 
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p = D% + • • • + D m G c\(Cx) holds. If X is simply-connected in the sense of orbifold 
(vrf h (X) = 1), AT is generated by 61, . . . , b m >. 

Remark 3.5. The vectors Dj, m' < j < m in L v correspond to the following elements 
in the twisted sector: 

(45) 2), = J] D\ c ^ 1 v(d)) G H* OTh (X), where v{Dj) =b j + J2 \-<*\ h- 

This correspondence can be seen from the expansion (IGOh of the mirror map r{q) 
below. We have Dj = lj, when bj G Box. Therefore, if p G c\(Cx) and b m / + i, . . . ,b m 
are mutually different elements in Box, we can identify L v (g) C with the subspace 
H\X)®@ ]>m ,H%X b] )oiHfl{X). 

3.2. Landau-Ginzburg model. We introduce the Landau-Ginzburg (LG) model 
mirror to compact toric orbifolds. We use the notation from Section 13. 11 

3.2.1. Definition. By applying the exact functor Hom(— ,C*) to the short exact se- 
quence (j36|) . we have 
(46) 

1 ► Hom(iV,C*) ► Y := (C*) m — ^ M := Hom(L, C*) * 1. 

The Landau-Ginzburg model (LG model for short) associated to a toric orbifold is the 
family pr : Y — » .M of affine varieties given by the third arrow and a fiberwise Laurent 
polynomial W: Y — ► C, called potential, given by 

= iwi H h u; m 

where , w m are the standard C*-valued co-ordinates on Y = (C*) m . Roughly 

speaking, the base space A4 = L v Cg>C* corresponds to the extended (and complexified) 
Kahler moduli space H^l(X) of Sunder mirror symmetry (see Remark l3.5p . The basis 
of L dual to p%, . . . ,p r G L v in Section 13.1.21 defines C*-valued co-ordinates q%, . . . , q r 
on M. = Hom(L, C*). Then the projection is given by (see (|39|) ) 

m 

(47) pr(t«i, • • • ,w m ) = (qi, . . . ,q r ), q a = Y[ w ? ia - 

i=l 

Let Y q := pr^iq) be the fiber at q G M and set W q := W\y q . Note that Y q 
has I -/V tor I connected components and each connected component is isomorphic to 
Hom(iVf ree , C*) = (C*) n . Let e\, . . . , e n be an arbitrary basis of AT free and y\, . . . , y n 
be the corresponding C*-valued co-ordinate on Hom(AT free , C*). We choose a splitting 
of the exact sequence dual to (J36]) over rational numbers. Namely, we take a matrix 
{ka)i<i<m,i<a<r with £ ia G Q such that p a = YJILi Dika- This splitting defines a 
multi-valued section of pr : Y — * Ai and identifies Y q with Hom(iV,C*). Under this 
identification, yi,... ,y n give co-ordinates on each connected component of Y q and we 
have 

r n 

(48) W\ Yq = W q = q^y h + --- + /V m , ^ = ^ = 11^' 

0=1 3=1 
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where bi = X^=i bij e j m ^free- Here, the choice of the branches of fractional powers 
of q a appearing in q li depends on a connected component of Y q . 

3.2.2. Kouchnirenko's condition. When constructing the B-model D-module, we shall 
need to restrict the parameter q £ M to some Zariski open subset M° C M so that 
W q satisfies the "non-degeneracy condition at infinity" due to Kouchnirenko |56} 1.19]. 

Definition 3.6. Let S denote the convex hull of &i, . . . , b m £ N ®R. We call the 
Laurent polynomial W q {y) of the form (|48p non- degenerate at infinity if for every face 
A of S (where < dim A < n — 1), W q> A(y) '■= Y^beA ( ^ i y bi does not have critical 
points on y £ (C*) n . Let M° be the subset of Ai consisting of q for which W q is 
non-degenerate at infinity. 

Proposition 3.7. (i) Under the condition (C) in Section [3.1.1\ 6 N <g) M is in the 

interior of S. Therefore, the Laurent polynomial W q is convenient in the sense of 
Kouchnirenko [56\ 1.5]. 

(ii) Ai° is an open and dense subset of M in Zariski topology. 

(Hi) For q £ M°, W q (y) has |A/" tor | x ra! Vol(5) critical points on Y q (counted with 
multiplicities). 

Proof. The condition (C) implies that there exists d 6 L such that q := {Di,d) > 
0. Then by the exact sequence (|36l) . we have YllLi c ih = 0. This proves (i). The 
statements (ii) and (iii) are due to Kouchnirenko. (ii) follows from (i) and the same 
argument as in [56| 6.3]. One of main theorems in [56, 1.16] states that W q {y) has 
n\Yo\(S) number of critical points on each connected component of Y q . (iii) follows 
from this and 1 7To (^) | = |-^Vtor|- D 

The following lemma shows that the Kouchnirenko's condition holds on a certain 
"cylindrical end" of M. A proof is given in the Appendix 16.11 

Lemma 3.8. Let qi,...,q r be the co-ordinates on M dual to the basis p\,...,p r £ 
cl(C;t) chosen in Section \3.1.2\ There exists e > such that q £ M° if < \q a \ < e 
for all a. 

Lemma 3.9. Assume that p £ cl(C^). Then S is the union of simplices S{a) := 
{^2b iea Cibi ; q £ [0, 1], X^eo- Ci — ^} over maximal (n- dimensional) cones a of the 
fan S of X . Moreover, we have |-/V tor | x n!Vol(<S) = dim H^^X) . 

Proof. By Lemma [3. 3( p = c\{X) is nef. This implies that the piecewise linear function 
h: iV(g)R -»Ron the fan £ (linear on each maximal cone in S) defined by h(bi) = 1 for 
1 < i < m' is convex (see [61]). Therefore, y] a . Aim(7=n S{a) = /i _1 ((— oo, 1]) is convex. 
Because bj, j > m! is contained in this by Lemma l3~3"l we have S = \J a . dim(7=n S(a). 

Because odd cohomology groups of X v vanish, dimH*(X v ) is equal to the Euler 
number of X v , so is equal to the number of torus fixed points on X v (for the natural 
torus action) by Poincare-Hopf. Torus fixed points on X v are parametrized by maximal 
cones a in the fan S such that a contains the image of v £ Box in N M. Hence, 

J2dimH*(X v )= ti{v £ Box ; v £ a} = ^ |iV tor | X n\ Yo\(S{a)). 

■uGBox cr:dimcr=n (T:dimCT=n 

The conclusion follows. □ 
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3.2.3. Jacobi ring and Batyrev ring. The Jacobi ring J(W) is the ring of functions on 
the (fiberwise) critical set of W: 



J(W) := C[wf 



w ± 



dW 



dW 



2/1- 



.y n - 



n j ■ ■ ■ ! ti ll o 

oyi oy n 
, g^]-algebra. Denote by J{W q ) 



Note that J(W) is a C^] := C[qf, . . . , g±]-algebra. Denote by J{W q ) = J(W) <g>c[ q ±] 
C q the fiber of J(W) at q G M = SpecC^]. By Proposition EH J(W q ) is of 
dimension |AT tor | x n! Vol(S') when q G The Batyrev ring is defined by 



:=C[ g ± ][p ll ... ) p r ]/(g d ni: 



:{Di,d)<0 W i 



~{Di,d) 



n 



i:{Di,d)>0 W i 



(Dud) 



where q d := Ila=l la an d w « := EI=i m iaPa- By the condition (C) in Section [3.1 .11 
there exists d G L such that Cj := (£>j, d) > for all i. Hence J"[ 



i=i *t 



g holds in 

B(X) and therefore Wj is invertible in B{X). With this fact in mind, Batyrev ring is 
given by the simple relations (note that rrij a can be negative) 



(49) 



<7a 



n 

i=i 



EE 



™ibPb 



1 < a < r. 



i=l 



The following was shown in |47^ Lemma 5.10, Proposition 5.11] for toric manifolds. 

Proposition 3.10. (i) The map B{X) — > J{W), p a i— > [g a (9W g /3g a )] defines an 
isomorphism of Clq^}- algebras. 

(ii) Let M°° be the subset of M° consisting of q G .M suc/i that all the critical 
points ofWq are non- degenerate. Then is open and dense in A4°. 

Proof, (i) Since pi^w^d/dwi)) = Y? a =l m iaq a (d/dq a ), we have 

in J(W). 



^ dq a 



.0=1 





dW 




W i~5 

duii 



W; 



This shows that Wj maps to an invertible element [wi] G J(W) satisfying n^=i[ u, i] mia = 
q a . Thus the map B(X) — ► JiW) is well-defined. The inverse map, sending [wj\ to Wj, 
is also well-defined. The details are left to the reader. 

(ii) The isomorphism in (i) induces an isomorphism Spec B(X) = Spec J(W) over 
M.. Since SpecB(X) can be written as the graph of the map p i— ► q (f4*9|) . it suffices 
to show that this map is a local isomorphism at generic p. This follows from the fact 
that the Jacobian d\ogq a /dpb = Ya=i m ia w i~ 1|T1 i& of the map (H9|) is positive definite 
when w.j > 0. (Note that we can choose p& G M. so that w» = YX=l m ibPb > for all i 
again by the condition (C)). □ 



3.3. B-model D-module. Here we describe the B-model D-module in two steps. 
First we construct a local system over M° x C* using the Morse theory for lSt{W q /z). 
Then we extend the local system to a meromorphic flat connection over A4° x C using 
de Rham forms and oscillatory integrals. 
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3.3.1. Local system of Lefschetz thimbles. Let fq Z : Y q — > M be the real part of the 
function y i— > W q {y)/z. The following lemma allows us to use Morse theory for the 
improper function f g>z (y). 

Lemma 3.11. For each e > 0, t/ie family of topological spaces 

U NMy)ll <e}->A*°xc* 

(<j,z)€A4°xC* 

is proper, i.e. pull-back of a compact set is compact. Here the norm \\df q>z (y)\\ is taken 
with respect to the complete Kahler metric j Ya=1 d^ogyi A dlogyi on Y q . 

A similar result for polynomial functions can be found in [641 Proposition 2.2 and 
Remarque] and this lemma may be well-known to specialists. A proof is given in the 
Appendix 16.21 since the author was not able to find a suitable reference. Lemma 13.111 
implies that f qz satisfies the Palais-Smale condition, so that usual Morse theory applies 
to fq tZ (see e.g. [62]). Take (q,z) G M° x C*. Since the set {y G Y q ; \\df q , z (y)\\ < e} is 
compact, we can choose M <C so that this set is contained in {y £ Y q ; f q , z (y) > M}. 
Then the relative homology group H n (Y q , {y £ Y q ; f q , z (y) < M}; Z) is independent of 
the choice of such M and we denote this by 

(50) Rl >{q , z) = H n (Y q , {yeY q ; f q>z {y) « 0}; Z), (q, z) e M° x C* . 

The number of critical points of fq yZ (y) is N := | iV tor | x n! Vol(S') by Proposition [321 If 
all the critical points of W q {y) are non-degenerate, by the standard argument in Morse 
theory, we know that Y q is obtained from {f q>z (y) < M} by attaching N n-handles 
and so R^r qz \ is a free abelian group of rank N. If W q (y) has a critical point yo 
of multiplicity /xq > 1, one can fincfl a small C°°-perturbation f qjZ of f qjZ on a small 
neighborhood Uq of j/o such that / 9jZ has just /^o non-degenerate critical points in Uq 
with Morse index n. By considering such a perturbation and Morse theory for f QtZ in 
families (parametrized by q and z), we obtain the following. 

Proposition 3.12. The relative homology groups R%r qz \ in form a local system 
of rank \N tor \ x n! Vol(5) over M° x C*. 

When all the critical points crx, . . . , crjv of W q : Y q ^ C are non-degenerate, a basis 
of the local system R% is given by a set of Lefschetz thimbles T\, . . . , T^'- the image of T, 
under W q /z is given by a curve 7« : [0, oo) — > C such that 7(0) = W q (cii)/z, that $tji(t) 
decreases monotonically to — 00 as t — > 00 and that 7^ does not pass through critical val- 
ues other than W q (cii)/z; Tj is the union of cycles in W~ 1 (z'ji(t)) collapsing to cr^ along 
the path ji(t) as t — > 0. When the imaginary parts %>(W g (cTi)/z), . . . ,Q(W q (cT^)/z) 
are mutually different, Tj can be taken to be the union of downward gradient flowlines 
of fq tZ (y) emanating from crj. (Note that the gradient flow of f q<z = lSt{W q /z) with re- 
spect to a Kahler metric coincides with the Hamiltonian flow generated by ^s(W q /z).) 

4 We can find f q>z in the following way: Let p: R>o — > [0, 1] be a C°°-function such that p(r) — 1 for 
< r < 1/2 and p(r) = for r > 1. Let Uo be an e-neighborhood of 1/0 (in the above Kahler metric) 
which does not contain other critical points. Let t = (ti, . . . ,t n ) be co-ordinates given by j/; = yo,«e'*. 
For a = (ai, . . . ,a n ) £ C n , put fq tZ (y) = fq,z(y) + p(\t\/e)$l(at). Then for a generic, sufficiently small 
a, fq,z ~ fq, z satisfies the conditions above (here, new critical points are all in \t\ < e/2). 
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Then 7$ becomes a half-line parallel to the real axis. The intersection pairing defines 
a unimodular pairing: 

Let R% — > A4° x C* be the local system dual to i?^ and 72 := i?z (8) Om°xC* be the 
associated locally free sheaf on M° x C* . The sheaf 72. is equipped with the Gaufi-Manin 
connection V: 72 — > 72 (8> ^jv(o xC » and the pairing (•,•)"£. : (( — )*72) ® 72 — ► 0m°xC* 
induced from the local system i?^. 

3.3.2. The extension across z = wa de Rham forms. Let u>i be the following holo- 
morphic volume form on Y\ = Hom(7V, C*): 

1 dy\ ■ ■ ■ dy n 

u l = TIT? — 1 on each connected component. 

\N tov \ yi---y n 

This is characterized as a unique translation-invariant holomorphic n-form u\ satisfying 
/nomfiVS 1 ) u)l = (27ri) n - By translation, uj\ defines a holomorphic volume form uj q on 
each fiber Y q . Let pr: Y° — ► be the restriction of the family pr: Y — > Ai to A'! . 
Consider a relative holomorphic n-form p of Y° x C* — > A'! x C* of the form 

(52) tp = f(q, z, y)e W «W/ z u q , f(q, z, y) G M o xC * [yf,..., jfi] 

where Om°xC* 1S the analytic structure sheaf. This relative n-form gives a holomorphic 
section [ip] of 72 via the integration over Lefschetz thimbles: 

(53) (M,r) = ( _* /2 Jj(q,z,y)e w «(yy*u q e M o xC * 

The convergence of this integral is ensured by the fact that f(q, z, y) has at most 
polynomial growth in y and that $t(W q (y)/z) goes to —00 at the end of T. More 
technically, as done in [63] , one may prove the convergence of the integral by replacing 
the end of T with a semi-algebraic chain. 

Definition 3.13. A section of 72 on an open set U x {0 < \z\ < e} C M° x C* is 
defined to be extendible to z = if it is the image of a relative n-form cp of the form 
(!52l) such that f(q,z,y) in (|52|) is regular at z = 0. The sections extendible to z = 
define the extension 72^ of the sheaf 72 to M° x C. 

Let 72' be the 0_A^o xC *-submodule of 72 consisting of the sections which locally arise 
from relative n- forms p of the form (I52p . The Gaufi-Manin connection on 72 preserves 
the subsheaf 72'. In fact, we have 



d a f+~ z {daW q )f\e 
zd z f - -W q f - \j ) e w <"u q 



VaM = 

(54) 

V z a z [<p] = 

where ip is given in (|52|) and d a = q a (d/dq a ). Take a point q in the open subset 
_A/f°° c M° appearing in Proposition 13.101 Let T\, . . . ,Tn be Lefschetz thimbles of 
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Wq(y)/z corresponding to critical points cri, . . . , cr/v- Then we have the following 
asymptotic expansion as z — » with arg(z) fixed: 

(55) t t^t / f{q,z,y)e w " w/z ua ~ , ^ , , = (/(q, 0, crQ + O(z)) 

where /(g, z, y) G 0m°xc[2/i > • • • ; 2/n ] is regular at z = and Hess(Wg) is the Hessian 
of W q calculated in co-ordinates logyi, . . . , logy ra . Let 4>i(y) be a regular function on 
Y q which represents the delta-function supported on crj in the Jacobi ring J(W q ). Put 

= ( t ) i{y) eWq ^ ZuJ q- By the asymptotics of {[ipi],Tj), we know that [ipi], ■ ■ ■ , [<Pn] form 
a basis of TZ for sufficiently small \z\ > 0. Since TZ' is preserved by the Gaufi-Manin 
connection, we have TZ = TZ 1 on the whole M° x C*. In other words, TZ is generated 
by relative n- forms of the form (|52l) . 

Let r^ 7 , . . . , T y N be the Lefschetz thimbles of W q / (—z). These are dual to T\, . . . , Tj^ 
with respect to the intersection pairing (|5ip . Then the pairing on 1Z can be written as 

N 

(56) (b(-,)], ^(,)])^ = — \— y: I *>(-*) • / 



When [if] and [<//] are extendible to z = 0, we have from (|56p and ([55 



(M ' ^ ]k ~ ^ £ HessW^) + ° W 

where we put 93 = f(q,z,y)e Wq ( y ^ z u) q and 1// = f'(q, z,y)e w,1 ^ y ^ z uj q . This shows that 
([y?], [v?'])tj is regular at z = and the value at 2 = equals the residue pairing on 
J(W q ). By continuity, we have at all q £ M°: 



(M) W\)n\z=o = , 1 |2 Resyo /A4 o 

M ' tor 



/(g,o,i/)/ , (g,o,y) i %ffi 
dw g aw, 

2/1 ^ , ■ ■ ■ ) VU Qy n 



Let <pi, . . . , (/>jy be an arbitrary basis of the Jacobi ring and put Sj := [^/(^e^ 9 ^/ 2 ^]. 
Then the Gram matrix (si,Sj)n is non-degenerate in a neighborhood of 2 = since 
the residue pairing is non-degenerate. This implies that s%, . . . , sjv form a local basis 
of TZ^ ' around z = 0. Summarizing, 

Proposition 3.14 ( [261 Lemma 2.19]). The Om° xc* -module TZ is generated by relative 
n-forms of the form h5f$) . The extension TZ^ of "TZ to M° x C is locally free and the 
pairing on TZ extends to a non- degenerate pairing {{—)*TZ^) £g> TZ^ — > Om°xC- 

In the algebraic construction by Sabbah, the corresponding results were proved in 
[571 Corollary 10.2] (see also [30, Proposition 2.13]). 
The Euler vector field E on A4° is defined by 

(57) E := pr. 
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The grading operator Gr acting on sections of is defined by 



(58) Gr[<p] = 2 



df ^ df 
z— + } Wi—— I e"i~u 

OZ *r^f OWi 



,W/z, 



for a section [92] of the form (I52D . This grading operator can be written in terms of 
the Gaufi-Manin connection and the Euler vector field (cf. the grading operator ([9]) 
for the A- mo del): 



Lemma 3.15. Gr = 2(V E + V zdz + § ). 



Proof. Using the co-ordinate system (q a , yi) on Y in Section l3.2.H we can write YaLi w i^p 
E + SILi c iVi'§~ f° r some Cj 6 Q. Here we lift £ to a vector field on Y by using the 



co-ordinates (q a ,Vi)- By (YT=\ w i^l) W = w > we nave 



( 

\ Gr M = [(O 9 * + ThLx w i d wi) (fe W/z ) 



V z9z + 1 + ^e) M + [((ELi CiVidy,) (fe w < ' 



The second term is zero in cohomology since it is exact. □ 



Definition 3.16 (cf. Definition . Let vr: M° x C -> A4° be the projection and 
(— ) : A4° xC^ M° x C be the map sending (q, z) to (q, —z). The B-model D-module 
of the LG model is the tuple (7Z^ , V, (•, -)-ji(o) ) consisting of the locally free sheaf 
over M° x C, the meromorphic flat connection ([54p 

V: -> Rf)(A< x {0}) OaiOxC (tt*^o Omo xC -) 

Z 

and the V-flat pairing ([56]) 

satisfying ((— )*si, 32)72,(0) = (—)*((— )*«2, si)-^(o) • This is also equipped with the grad- 
ing operator Gr: Tl^ -> 7£ (0) in (j58j) . 

Note that the B-model D-module is underlain by the integral local system of Lef- 
schetz thimbles. 

Proposition 3.17. The B-model D-module IZ^ ' is generated by [e Wq / z iv q ] and its 
derivatives zV ai zV a2 ■ ■ ■ zV ah [e Wq / z u> q ] as an OM°xC- m odule, where V a = V ' qa (d/dq a )- 

Proof. By the discussion preceding Proposition 13,14] the restriction 7Z^\m°x{o} ^ s 
identified with the bundle J(W) of Jacobi rings over M.° by the map [f(q, z, y)e Wq l z oj q \ 1- 
[f(q,0,y)]. Under this identification, the action of zS7 a corresponds to the multiplica- 
tion by q a (dW q /dq a ) by Because J(W) S B(X) by Proposition EJl and B{X) is 
generated by p 's, J(W) is generated by q a (dW q /dq Cfq^J-algebra. Therefore, 

7^,(0) i s generated by zV 0l • • • zV ak [e Wq ' z u q ] in the neighborhood of z = 0. Let TZ^ be 
the C^o xC -submodule of generated by these derivatives. From Gr[e Wq / z u q ] = 
and Lemma 13.151 one finds that 



V z2dz [e Wq / z u q } = [ j>«*V 



va=l 
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Hence 7Z^ is preserved by X7 z 2g z . Therefore, TZ^ = 7Z^ . □ 

4. Mirror symmetry for toric orbifolds and integral structures 

Under mirror symmetry, the A-model -D-module (quantum D-module) should be 
isomorphic to the B-model D-module. We give a precise mirror symmetry conjecture 
for a weak Fano toric orbifold and check that the mirror symmetry matches up the 
T-integral structure in the A-side and the natural integral structure in the B-side. 

4.1. /-function and mirror theorem. A Givental style mirror theorem for a toric 
orbifold can be stated as the equality of the /-function and the J-function. This has 
been proved for weak Fano toric manifolds [3H] and weighted projective spaces [21] ■ A 
general case for toric orbifolds will be proved in [23J. 

Definition 4.1 (|23j). The I -function of a toric orbifold X is an H* rh {X)-vahie& power 
series on A4 defined by 

I(a z) = e^xPa^W* V ^ n i :(D 8 ,d)<ori(D^)<,< (A + ~ v)z) 

rf^ff U.i:(Di,d)>0 U.0<u<{Di,d) (A + ((A, <i> - V)Z) " W 

where q d = . . . qf r,d ^ and the index v moves in Z. Recall that p a and Dj are the 

images of p a and Dj under the projection L v (g) Q — ► H 2 (X,Q). Note that p a = for 
a > r', = for j > m' and (p a , d) > for d G Keff- 

Choose e G N such that e IK C L. Then e - S=ift ^>S4°-/ z I{q, z) belongs to i/* rb (^)® 
C[z, z" 1 ]^ 1760 , . . . , g r 1/eo |. The /-function can be also written in the form: 



s y nr= (A+((A,d)-^) 

Note that all but finite factors cancel in the infinite products. The summand with d G 
K\K e fj vanishes in H* lh (X) because we have (Ilr^ d)ez <0 A) i n the numerator 
and this is zero in H*(X v / d \) by the presentation (l4*3j) . 

The /-function defines an analytic function when p G cl(Cx)- See Section [3.1.41 for 
the condition p G cl(Cx). 

Lemma 4.2. The I -function is a convergent power series in qi, . . . ,q r if and only if p 
is in the closure cl(C^) of the extended Kdhler cone. In this case, the I -function has 
the asymptotics 

I(q,z) = l + ^ + o(z- 1 ) 

where r(q) is a multi-valued function taking values in H~?(X). The map q i— > r(q) is 
called the mirror map. 

When p G cl(C^), the mirror map r takes the form 

r' m 

(60) r(q) = Y,(logq a )p a + ^ g^D, + h.o.t., 
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where h.o.t. (higher order term) is a power series in q\^ e ° , . . . ql^ ■ Thus r is a local 
embedding (resp. isomorphism) near q = if p 1} ... ,p r r,T> m i + i, . . . ,D m are linearly 
independent (resp. basis of H^(X)). See ([4"5]) for Dj. The following "mirror theorem" 
will be proved in [23j . 

Conjecture 4.3. Assume that p G c\(Cx)- Then the I -function and the J -function 
coincide via the co-ordinate change r = r(q): 

I(q,z) = J(r(q),z), 

where r(q) is the mirror map in Lemma \4-2\ 



We remark that the equality I = J above is consistent with monodromy transfor- 
mations on M. Take a loop [0, 1] 3 6 ■-> e~ 2 ^ d q = (e~ 27rifl %, . . . , e- 2iri ^ 9 q r ) G M 
for £ = Y2a=i £aPa £ 1L V ■ The monodromy of I(q, z) along this loop is given by 

I(e- 2 ^q,z) = G n (Ol(q,z) 

where G H {t) = G n ([£]) is the Galois action ([29]) of the class [£] in L v / £ j>m , ZZ) i - 
ff 2 (A',Z). Therefore, we have 

(61) r(e- 2 ^q) = G(£)r(?) 

where G(£) = G([^]) is given in ()10p . These two equations are compatible with the 
behavior (|32p of J(t,z). This moreover shows that r induces a single- valued map 

(62) r:{( qi ,...,q r )eM; < \q a \ < e} ^ H^ 2 (X)/H 2 (X,Z) 
for a sufficiently small e > 0. 

4.2. GKZ system and an isomorphism of D-modules. The mirror theorem I = J 
implies that the B-model D-module is isomorphic to the A-model D-module (quantum 
D-module) pulled back by the mirror map r. The /-function generates a confluent ver- 
sion of the Gelfand-Kapranov-Zelevinsky (GKZ) D-module [36] studied by Adolphson 
[1]. This turns out to be isomorphic to the B-model -D-module. 

Set d a := q a {d/dq a ). We write g ± , zd as shorthand for qf,...,q^ and zd%, . . . , zd r . 
Introduce a differential operator Vd G C[z,q ± ](zd) for d G L as 

-(Di,d)-1 {Di,d)-l 

v d -.=q d n n pi-™)- n n c^-^)- 

i:(D l5 d)<0 ^=0 i:(D l ,d)>0 ^=0 

Here we put := ^I = i mj a ,zd a . Note that Vd is well-defined since (D{,d) G Z when 
d G L. Define the GKZ D-module M GKZ by 

M GKZ := C[z, q*) (zd) I £ C[z, (f](zd)Vi. 
A grading operator Gr on Mqkz is defined by 



(63) Gr([f(z,q)(zd) k ]) 



2\k\f + 2z^+2Ef) (zd) k 
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where k G (Z>o) r is a multi-index, \k\ = Y2 a =ika and E = X)o=l Pa&a is the Euler 
vector field (|57|) of the B-model D-module. This is well-defined because of the ho- 
mogeneity of the relation V d . Using the grading operator Gr, we can introduce a flat 
connection V: M GK z -> ±M GK z ® (Cf © ©£ =1 C^) by (c/. ©, Lemma 

V [P(z, g, := - z \zd a P{z, q, zd)}, 1 < a < r; 
1 _ 

:= -Gr-Vij - -, 

Proposition 4.4. T/ie [z]-module Mqkz := Mgkz ©c^,?*] @M°[ z ] ^ s finitely 
generated as an O jv[o\z\-module. The fiber of Mqkz at every point (q,z) G M° x C 
has dimension less than or equal to |iV tor | x n\ Vol(S). 

Proof. For a differential operator P = s £2 k Pk( z ,q)(zd) k G O^o [z](zi9) of rank s, its 
principal symbol o~(P) is defined to be a(P) := X^|fc|=s -Pfc( z > #)P fc (the highest order 
term in zd), where k G (Z>o) r is a multi-index and = Yla=i ^a- For example, 



<r(P d ) 



(-Ur. {Dhd)>0 ^ Dd if(p,d>>0; 

9 d ni:(A,d)<o w7 (Di,d> - ni : {A,d»o w »- A,d> if (p. d ) = °; 

Q d ^:(D,. d) <0< {Dl,d) if (p,d)<0. 



Recall that Wj = X^a=i m «aPa an d P = S£=i ^« e By a standard argument, we 
know that Mgkz is finitely generated as an Om° [^]-module once we know that 

B C {X) ■-0 M o[p 1 ,...,p r ]/{a(V d ) ; del) 

is a finitely generated O^o-module. Adolphson [U Section 3] showed that the char- 
acteristic variety of the GKZ D-module is supported on the zero section when the 
corresponding Laurent polynomials W q are non-degenerate. Although the D-module 
in [3] is a little different from ours and it is assumed that N is torsion free there, the 
same argument as in [H Section 3] show|] that if a(V d )(q, p) = for all d G L, 

• Either (pi, . . . , p r ) = or there exists a proper face A of S such that Wj ^ if 
and only if bi G A ([U Lemmas 3.1, 3.2]); 

• In the latter case, W g a(?/) has a critical point in (C*) n ([H Lemma 3.3]). 

Thus, pi = • • • = p r = if q G AT and a(V d )(q, p) = for all d G L. By Hilbert's 
Nullstellensats, p^ vanishes in B C (X) for a sufficiently big k > 0, so -B c (^) is finitely 
generated as an 0_A/!°-module. 

Since a coherent sheaf admitting a flat connection is locally free, we know that Mgkz 
is locally free away from z = 0. On the other hand, the restriction to z = of Mgkz 
is isomorphic to the Batyrev ring: 

Mgkx/zMgjsz = B{X) ® c[ff±] Omo. 

This is isomorphic to the Jacobi ring by Proposition 13.101 (i) and of rank |-/V tor | x 
n\ Vol(S') by Proposition [321 (hi)- The conclusion follows from Nakayama's lemma. □ 



^Note that cr(Pd) and Wi correspond to f(Dj) and yt in [3]. 
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Remark 4.5. The rank of the "confluent" GKZ D-module was calculated in [4] under 
weaker assumptions (it is not assumed that S contains the origin in its interior). Our 
-D-module Mgkz is a dimensional reduction of the original GKZ system in [66\ [4] and 
is also referred to as the Horn system. It is also homogenized by z. The argument 
above is an adaptation (and a shortcut) of [4] to our D-module Mqkz- We will see in 
the proof of Proposition 14.81 that Mqkz is exactly of rank |iV tor | x n! Vol(S). 

Lemma 4.6. Assume that p G c\(Cx). Then the I -function and the oscillatory in- 
tegrals (associated to the LG model in Section satisfy the GKZ-type differential 
equations: 



V d I(q, z) = V d (J e W «/ z u^j =0, d Eh, 



where T is an arbitrary Lefschetz thimble. 

Proof. We use the expression (I59p of the /-function. Put 



Using Vi(e£ r a=iPatos to/*/) = e ^=^ lo ^/ z q s (D i +{D i , 6 ) z )> one finds that V d I{q, z) = 
for d G L is equivalent to the difference equation: 

-{Di,d)-1 (Di,d}-1 

n s - d n n (D i +((D i ,6)-u)z)=D S n n (a+((a,^-^) 

i:(D u d)<0 v=0 i:{Di,d)>0 v=§ 

for all (5gK. This is easy to check. 

We omit the proof for oscillatory integrals since it is completely parallel to the case 
of toric manifolds (see e.g. |47l Proposition 5.1]). □ 

Lemma 4.7. For 5 G K such that (Di,5) > for all i, we have 

( m KD t ,*)i-i \ 

Q S [U II (Pi - "*) Hi, *) = eZ r a=iP«^««/*(l vis) +0(q 1 ^)) 
\i=l u=0 J 

for eo G N satisfying eoK C L. 

Proof. Using the expression (|59p . we find that the left-hand side is 

.jr... - r . -w. r /-> n n " KD -" 1 '"' + {{D " i) ~ i ,., 



We claim that the summand vanishes when {p a , d — 5) < for some a. Note that there 
remains a factor (Jli^Dj d)ez (D, d)<(D l 8) A) i n the numerator. Thus by ([43]) . it 
suffices to show that !:={£; (Di,d) G Z, (Di,d — 5) > 0} ^ A Suppose / G .4. 
Because p a G cl(C^), there exists q > for i £ I such that p a = Yliel^^i by the 
definition of C^. Then (p a , d — 5) = YlieJ Ci i^i, d — 5) > 0. This is a contradiction. 

□ 
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By the condition (C) in Section T3.1-H for each v £ Box, there exists 5 E K such that 
v(5) = v and (Di, 5) > for all i. Thus by Lemma 14.71 and the presentation (|42|) . (|43|) 
of H* Tb (X), we can find differential operators Pi(z, q, zd) G C[z, ^^(zd), 1 < i < N 
such that 

(64) Pi(z,q,zd)I(q,z) =e E -i^ log ^(<^ + 0(g 1/eo )), 
where 0j, 1 < i < N is a basis of -fT* rb (A'). Under Conjecture 14.31 we have 

(65) Pi(z, q, zd)I(q, z) = P^z, q, zd)J(r(q), z) = L(r(q), z^P^z, q, zr*V) 1 . 

Here L(r, z) is the fundamental solution in (jlip and V is the Dubrovin connection: 
r*V is shorthand for r*Vi, ... ,r*V r with r*V a := ^ T JqJd/dq a ))- Since L(r(q), z)^ 1 = 
l+0(z~ 1 ) (regular at z = oo) and Pi(z,q, zr*V) 1 is regular at z = 0, the equation 
(|65|) can be viewed as the Birkhoff factorization (see e.g. [65] ) of the element 



S 1 3 z 



P X I ... P N I 



e E£=iP»]«gW*(l + O( g Ve0)) 



in the loop group LGL(N,C). Here the asymptotics (I64D show that the matrix 
[Pi/, . . . , PjvI] is invertible and admits the (unique) Birkhoff factorization^ when \q a \ 
is sufficiently small. In particular, it follows that the fundamental solution L(r(g),z) 
is analytic for small values of \q a \ and that the quantum cohomology /D-module is 
convergent over the image of r. Note that by (|64|) . we have 

(66) P l (z,q,ZT*V)l = c/ )l + 0(q 1 ^) 

and that these vectors form a basis of H* rh (X) for small \q a \. 

Now we formulate toric mirror symmetry as an isomorphism of D-modules. 

Proposition 4.8. Assume that our initial data satisfies p £ cl(C^) and that Conjec- 
ture \4-3\ holds for X . The B-model D-module (in Definition \3.16\) is isomorphic to the 
pull back of the A-model D-module (in Definition \2.ty) under the mirror map r in \6!3(l : 

Mir: (ftWV,(v)ttCo)) - (r x id)* ((F, V, (•, -) F )/H 2 (X, Z)) 

V E xC 

where V e = {(qi, ■ ■ ■ ,q r ) £ M. ; < \q a \ < e} anc? e > is a sufficiently small real 
number. The right-hand side is the quotient by the Galois action. The isomorphism 
Mir sends [e Wq ^ z cj q ] to the unit section 1 of F. 

Proof. First we identify the GKZ D-module with the A-model D-module. Consider a 
D-module homomorphism: 

M GKZ ®c[* )9 ±] CVexC — > 0((r x id)*(F/tf 2 (^)) 
[P(*,qr,z0)] ^P(z,g,zr*V)l 

We claim that this map is an isomorphism. By Lemma 14.61 and (I65p . this map is 
well-defined. The equation (|66p shows that this is surjective for some small e > 0. By 



The convergence of quantum cohomology is not a priori known. However the Birkhoff factorization 
e can be done uniquely over the ring of fo 
factor e So=iPai°g<7a/ z g ee gg| Theorem 3.9]. 



here can be done uniquely over the ring of formal power series in q\^ e ° , . . . , qV ea after removing the 
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Lemma [3. 81 we may assume V e C A4°. Then we can deduce the claim by comparing the 
ranks (Proposition 14.41 and Lemma |3.9[) , Next consider a D-module homomorphism: 



where V is the flat connection of the B-model D-module. This is well-defined by 
Lemma l4.6l and surjective by Proposition 13 . 1 71 Thus it is an isomorphism again by com- 
parison of the ranks (Propositions l3~T2l and l4~4")) . By composing the two isomorphisms 
dSZD, flSE}, we get the desired isomorphism Mir: 7^°V e xC = C((r x id)* (F/H 2 (X, Z))) 
sending [e Wq ' z u g ] to 1. 

It is clear that V a = V g a(a/a ?a ) corresponds to r*V a under the map Mir. It is easy 
to check that the isomorphisms (f6T|) and (i68j) preserve the grading operators (see ([!]), 
(|63|) and (|58|) ; we use the homogeneity of the series e~^ a = 1 P alosqa / z I(q, z)). Hence 
Mir preserves Gr and so sends V z q z to t*V z q z (we use the fact that r preserves the 
Euler vector field). 

The proof of (•, -)t?.(o) = (t x id)*(-, -)p is given in Appendix 16. 3[ □ 

Corollary 4.9. Under the same assumptions as Proposition \4-<% the quantum coho- 
mology of a toric orbifold X is generically semisimple, i.e. (H* rh (X), o T ) is isomorphic 
to the direct sum of C as a ring for a generic r G U . 

Proof. The quantum cohomology of X is identified with the Jacobi ring J(W q ) of the 
mirror. The conclusion follows from Proposition 13. 1UI (ii). □ 

Remark 4.10. When X is not weak Fano, the mirror theorem Conjecture 14.31 should 
be replaced with the Coates-Givental [25] style statement that the /-function is on the 
Givental's Lagrangian cone (|30H . The D-module isomorphism cannot hold since the 
ranks are different (|-/V tor | x nWol(S) > dimH or ] :) (X)), but the quantum D-module 
should be isomorphic to a certain completion of the GKZ D-module at the large radius 
limit q = and the semisimplicity of quantum cohomology should still hold. The details 
will appear in [23]. (See [IHJ HZ] for toric manifolds.) 

4.3. The integral structures match. 

Theorem 4.11. Let X be a weak Fano projective toric orbifold defined by initial data 
satisfying p E cl(C^). Assume that Conjecture \4-3\ and Assumption \2. 7\ (c) hold for 
X . Then the mirror isomorphism Mir in Proposition |^.<j?| sends the natural integral 
structure (lattice of Lefschetz thimbles) of the B-model D -module to the Y -integral 
structure (Definition \2. 9\) of the A-model D -module. 

First we draw a corollary on Dubrovin's conjecture \?>2\ 4.2.2] from this theorem. 
Since the T-integral structure is defined to be the image of the -KT-group, we can identify 
the integral lattice R% , z ^ generated by Lefschetz thimbles with (the duaQ of) the K- 
group K (X). This also identifies the pairings on the both sides. Let V\, . . . , Vn £ K(X) 



We identify the dual of the 7^-group with the Tf-group itself by the Mukai pairing. 



(68) 



[P(z,q,zd)} 



^ (0) kxC 
P(z,q,zV)[e 
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correspond to a basis Tx, . . . , Tjv of Lefschetz thimbles whose images under W q are 
straight half-lines. Then we have 

x (vv®v j ) = ttr i ne* i T j ), 

where e^Tj is the parallel translate of Tj £ H n (Y q ,{y ; $t(W q (y)/z) <C 0}) along 
the path [0,1] 3 0^ z (cf. (I17p ). On the other hand, the quantum differential 
equation in z 

(69) V 20z V(z) = (z^- - -E o + M ) $( z ) = 



z z 



is irregular singular at z = and defines a Stokes matrix (see [32 } 133] ) . Under mirror 
symmetry, the Stokes matrix is given by the intersection numbers H Tj) by 
Picard-Lefschetz theory (since a solution ^ is given by oscillatory integrals over IYs; 
see e.g. [HI ITS]). Hence, 

Corollary 4.12 (i^T-group version of Dubrovin's conjecture). Under the same assump- 
tions as Theorem \4-ll\ there exist V\, . . . , V/v G K{X) such that the matrix S = (Sij), 
Sij := x(^ V ® ^j) ^ s a Stokes matrix of the quantum differential equation of X . (In 
particular, S is upper-triangular and Sa = 1.) 

Remark 4.13. Dubrovin's conjecture [32] furthermore asserts that V\, . . . ,Vn here 
should come from an exceptional collection in the derived category. This should 
follow from homological mirror symmetry. For toric varieties, different versions of 
homological mirror symmetry have been obtained (or announced) by Abouzaid PQ, 
Fang-Liu- Treumann-Zaslow [M] and Bondal-Ruan [§]. The author is not sure if their 
results imply Dubrovin's conjecture since, except for the approach by Bondal-Ruan, 
they do not deal with Lefschetz thimbles directly. For a weighted projective space 
X, T±, . . . ,Tjsf are the monodromy transforms (in q) of the real Lefschetz thimble Tk 
(see Theorem 14.141 below), so these actually correspond to an exceptional collection 
0{— a), 0{— a + l),...,0(b) for some a,b. (Dubrovin's conjecture for X = P n was 
proved by Guzzetti |40j.) For general X, it might be difficult to calculate Vi corre- 
sponding to Tj whose image under W q is a straight half-line. 

Theorem 14.111 follows from the matching of the central charges from quantum coho- 
mology and LG model. Consider the fibration formed by real points on fl46f) : 



1 ► Hom(iV,M >0 ) ► Y R :=(R >0 ) m ^ M R := Hom(L, M >0 ) ► 1. 

Here we regard M>o as an abelian group with respect to the multiplication. This exact 
sequence splits and the section given by the matrix (4a) in Section [3. 2. II is single- valued 
over the real locus Aim- For q £ Mr, the real Lefschetz thimble Tr C Y q is defined to 
be 

r R := Y q n F R = {(yx, . . . , y n ) £ Y q ; Vl > 0} ^ Hom(AT, M >0 ). 

The oscillatory integral J r e~ Wq l z uj q is well-defined for q £ Mr and z > 0. We also 
define r c C Y q to be the parallel translate of the monodromy-invariant compact cycle 

T c :=Hom(AT,5 1 ) cY q=1 . 

Note that T c is a disjoint union of |-/V tor | number of tori (S 1 ) 71 . 
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Theorem 4.14. Assume that p G cl(Cx) and that Conjecture \4-3\ holds. The quantum 
cohomology central charges \25\) of the structure sheaf Ox and the skyscraper sheaf 
O p t are given by the oscillatory integrals over the real Lefschetz thimble and the 
compact cycle T c respectively: 

(70) Z(O x )(r(q), z) = — i— f e~ w ^ z u; g , q G Mr, z > 0; 

(71) Z(O pt )(r(q), z) = — ±— I e~ w ^u q , (q, z) G M X C, 

where r(q) is the mirror map. In the equation (70), the branches of log z, r(q) in the 
definition of the left-hand side is chosen so that logz G R, r(q) G H^(X,M). 

The right-hand sides of (I70p . (I7ip are considered as the LG central charges (called 
BPS mass in [33]) of Fr and r c . This corresponds to a compact toric version of 
Hosono's conjecture Conjecture 2.2], which was was stated for Calabi-Yau complete 
intersections in terms of hyper geometric series (in place of Z(V)) and periods (in place 
of oscillatory integrals). 

Remark 4.15. (i) The equality (|70p of central charges solves a connection problem 
for the quantum differential equation (|69|) in z which is regular singular at z = oo and 
irregular singular at z = 0. The oscillatory integral admits an asymptotic expansion 
at z = and Z(Ox) is (by definition) expanded in a power series in z^ 1 . 

(ii) This theorem suggests that, under homological mirror symmetry, the thimble 
Tr (or r c ) (an object of Fukaya-Seidel category of the LG model), should correspond 
to the structure sheaf Ox (or O pt ) (an object of the derived category of coherent 
sheaves on X). This correspondence is consistent with the Strominger-Yau-Zaslow 
(SYZ) picture [69]. The cycle Tr (resp. r c ) gives a Lagrangian section (resp. fiber) of 
the SYZ fibration, so should correspond to the structure (resp. skyscraper) sheaf. 



4.3.1. Proof of Theorem under Theorem 4-14' Fix a point q G .Mr and z > 0. 



The mirror isomorphism Mir in Proposition 14.81 defines a map 

= H n(Y q , {y£Y q ; K{W q {y)/(-z)) « 0}) - S(X), T » s r (r, z) 

such that 

(Mh[ V },sr(r(q),z)) OTh = ([<p},F) , Vfo>] G nf q ]_ zV 

where the right-hand side is the pairing in (|53|) and logz and r(q) in the left-hand side 
are taken to be real as above. Let S(X)z be the image of this map. We need to show 
that S(X)z coincides with the T-integral structure S(X)%. From the definition (|25p of 
Z{Ox)i one can rewrite ([70]) as 

(l,Z K (Ox)(T(q),z)) olh = Ae-^/Hl.rj 



Because Mir sends [e Wq / Z uj q ] G 7Z$_ Z \ to 1 G F(r(q),-z) an< ^ t ne B-model D-module 



x) 



is generated by [e q ' z iv q ] and its derivatives (Proposition 13.17]) . we have Zk{0 
sr m G S(X)z- Because K{X) is generated by line bundles [H] and S(X)% is preserved 
by the Galois action, we have S(X)z = ZkC^[Pk(X)]Ox) C S(X)%. Because the 
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pairing of the A-model and B-model coincide, S(X)% is a unimodular lattice in S{X). 
Under Assumption 12.71 (c), S(X)% is also unimodular. Therefore S(X)% = S(X)%. 

4.4. Equivariant perturbation. Here we prove Theorem 14. 141 We will make use of 
Givental's equivariant mirror which gives a perturbation of oscillatory integrals. This 
is considered as a mirror of equivariant quantum cohomology of toric orbifolds. We 
prove an equivariant version of (170)) and conclude (|70p by taking the non-equivariant 
limit. In this article, we do not formulate equivariant mirror symmetry. 

4.4.1. Equivariant oscillatory integrals. Let T := (C*) m act on our toric orbifold X = 
C m //T via the diagonal action of (C*) m on C m . Let — Ai, . . . , — A m be the equivariant 
variables corresponding to generators of iJy(pt). Here Aj denotes either a cohomology 
class or a complex number depending on the context. Givental's equivariant mirror 
|38j is given by the following perturbed potential W x : 

m m 

W x := ^2( Wi + XilogWi) = W + ^2\ilogWi. 

i=l t=l 

Hereafter Aj denotes a complex number. This is a multi-valued function on each fiber 
Y q . Morse theory for K(VF A (y)/ z) will compute relative homology with coefficients in 
some local system. For a cycle r C Y q in such a relative homology, we can define the 
equivariant oscillatory integral: 

w x l , - I ] I : 



e ' uj q = l e 



r <=i 



For our purpose, it is more convenient to use the exponent Aj/(27ri) instead of \{jz. 
Define 



\ , 1 I w l~\ Hwm t — | — ■ — 

( 72 ) .= j—^ y^-^-i— n w r^ 

Again, the equivariant oscillatory integral Xp (q, —2) for the real Lefschetz thimble 
is well-defined when q G .Mr and z > 0. 

4.4.2. Equivariant H -function. Recall that the quantum cohomology central charge 
can be written in terms of the H- function (j33[) (see (|34j) ) . Under the mirror theorem, 
we can write the if-function as a hyper geometric series with coefficients given by 
products of Gamma functions. This type of hypergeometric series has been used by 
Horja [Mj, Hosono [15] and Borisov-Horja |12p . 

By abuse of notation, we write H(q,z) := H(r(q),z). Using Gamma functions, we 
can write the /-function (1591) as 



T(a z) = e £a-iP.>sW* V qd TT r(1 ~ { ~ (A ' d)} i Di,z) lv(d) 



^We named it after Horja and Hosono. 
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Using this expression and Conjecture 14.31 we calculate the //-function f|33|) as 

H(q,z) = {-l) n z nl2 ixw*{2K±)- Ac zl 2 f{TX)- 1 z- p z»I{q 1 z) 

(73) = (-I)" J2 x ^ 



r+d ljnv(i>(d)) 



II£ir(i + <A,<i> + &) 

where we used the fact that the v (d)-component of T(TX) (for d G K e ff) is given by 
n^r(l-{-(A,d)} + A) and set 

X 2fr+ d : = eE r a ^(^+(Pa,d))lo g x^ lQgXa ._ i ogqa _ pa i ogz ( ie . ^ = 



We introduce T-equivariant I- and //-functions. As in Section 13.1.21 £ G L v defines 
the orbifold line bundle Lt on A 1 : 



U v xC/( Zl ,...,z m ,c) ~ (t Dl Z!,...,t Dm z m ,^c), t€T. 



The line bundle admits a canonical T-action: T = (C*) m acts diagonally on the 
first factor and the trivially on the second factor. By taking the T-equivariant first 
Chern class, we can associate to every element £ G L v an equivariant class cJ(L^) G 
Hj,(X). We denote by p x ,...,p x G Hj,(X) the T-equivariant cohomology classes 
corresponding to p±, . . . ,p r G L v . Note that p^'+v • • • >Pr ma y be non-zero. We denote 
by G Hj,{X) the T-equivariant Poincare dual of the toric divisor {zi = 0}. Note 
that Dj = for j > m! even in equivariant cohomology (since {zj = 0} is empty). 
When e~ Xi denotes the 1-dimensional T-representation given by the i-th projection 
T — > C* 3 the divisor {zj = 0} becomes the zero-locus of a T-equivariant section of 
Td 8 <g> e~ Xi . Thus we have (c/. ([55]) ) 

r 

(74) A A = ^m ia ^-A 4 mHfrX). 

a=l 

The equivariant /-function is defined by the same formula in Definition 14.11 with all 
the appearance of p a , Dj replaced by p x , Dj. The equivariant //-function H x (q,z) is 
definedj to be: 

(75) // A (g,z) := (-l) n z 2.1 ^ 



d GKcff n - ir (i + (A,d) + ^) 
We regard the equivariant /- and //-functions as functions taking values in H* b T (X) 
and H^(IX) respectively. (Here H* lhT (X) := 0„ eT I/*" 2 ^ (X v ).) 

Remark 4.16. The equivariant /- and //-functions should be understood as fol- 
lows. For a toric orbifold X, H^(IX) is a free //^(pt) = C[Ai, . . . , A m ]-module of 
rank dim H* (IX). Thus we can regard H^(IX) as a finite-dimensional vector bun- 
dle over SpecZZy(pt). The /-function (resp. //-function) makes sense as a multi- 
valued meromorphic (resp. holomorphic) section of the //* rb (^)-bundle over the space 
{(q,z,X) G M x C* x SpecZ/£(pt) ; < \q a \ < e}. 



r\ A ^_ ~r" ' ■ * ~r" A 771 z-t-t t » 

The factor 2 i?fi comes from the T-equivariant first Chern class (TA") = 2J =1 PaP a 
(Ai + --- + A m ). 
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4.4.3. Oscillatory integral and H -function. We prove a T-equivariant generalization 
of (|7U|) . Since Z(Ox) can be written in terms of the //-function (|34|) . the following 
theorem proves (|70p by the non-equivariant limit \ — * 0. 



Theorem 4.17. Assume that p G c\(Cx). The equivariant oscillatory integral fiT, 
and the equivariant H -function [75\) are related by 



(76) l£ R (q,-z)= [ H\q,e^z)UTd X (TX), q G A4 M , z > 0, 



A 



where Td (TVf) is £/ie T-equivariant Todd class defined similarly to Section 2.4 The 



branches of the logarithm in the right-hand side are chose so that logz G M, logg a G R. 

Remark 4.18. Even if p ^ cl(C^), the left-hand side of (|76p makes sense as an 
analytic function in q and z. In this case, the right-hand side could be understood as 
the asymptotic expansion in q±, . . . , q r of the left-hand side in the limit q a \ +0. 

By the localization theorem [5] in equivariant cohomology, the inclusion i : IX T — > 
IX of the T-fixed point set IX T induces an isomorphism i* : H^,(IX) <S>#*( p t) C(A) — ► 
H*{IX T ) ®flj,(pt) C(A), where C(A) is the fraction field of flj(pt) = C[Ai, . . . , A m ]. 
The number of fixed points in IX is equal to N := &\mH* rh (X) (see the proof of 
Lemma l3.9p . A T-fixed point in IX is labeled by a pair (a, v) of a fixed point a G X T 
and v G Box such that a £ X v . Moreover, a fixed point a G A' 7 " is in one-to-one 
correspondence with a maximal cone of the fan £ spanned by {6j ; <r G {zi = 0}}. By 
restricting H x (q,z) to a fixed point (a, v), we get a function H x v (q,z) in g, z and A. 
We call it a component of the //-function. 

Lemma 4.19. The equivariant H -function H x (q, z) and the oscillatory integral Xp (g, 2} 
are solutions to the following GKZ-type differential equations: 

(77) V^f(q, z) = 0, d G L, 

(78) ^ + £ /(g, z) = Al+ 2 ; + V /(g, *), 
w/iere <9 a := q a (d/dq a ), 

~{D i} d)~l (Di,d)-1 

v x d -.=q d n n (a a -^)- n n (^--^ 

(Di,d)<0 v=0 (Di,d)>0 u=0 

and T>\ := ]Ca=i m iazd a — zAj/(27ri). T/ie A components H x v (q, z) of the H -function 
form a basis of solutions to these differential equations for generic A?, ? s and small q a 7 s. 



Proof. The proof here is an equivariant generalization of the argument in Section 14.21 
The proof of ([77D for f{q,z) = H x (q, z) or Tp (g, z) is similar to Lemma 14.61 (For 
// A (g, z), we rewrite (|75|) as a summation over d G K; the terms with d G K\K G g auto- 
matically vanish by relations in H^.(IX).) The equation (j78H means the homogeneity 
of f(q, z). The details are left to the reader. 
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In order to show that the components of the //-function form a basis of solutions, 
we consider the equivariant GKZ D-module: 

M* KZ := C[z, g ±] (zd) / £ C[*, ^ ^ zd ) V d 

for fixed complex numbers Ai, . . . , A m . This also admits a flat connection as in Sec- 
tion 14.21 Since the differential operator V% has the same principal symbol as T>d and 
Mq KZ / zMq KZ is independent of A, the same argument as the proof of Proposition 14.41 
shows that Mq KZ <X><c[z i(? ±] Om°xC* is locally free of rank < N. Therefore, we have at 
most N linearly independent solutions to the GKZ-system ([77]) . ([75]) . On the other 
hand, similarly to Lemma 14.71 we can show that 



rn \{Di,S)]-l 



+ 0(q 



' X 27ri X 

v=0 



linv ( t '(^) L n('^ 1 /eo^ 



n - ir (l-{-( Aj 5)} + fL) 

for 5 G K such that {Di,5) > for all i. Because H^(IX) is generated by l v , v G 
Box over H^(pt)\p^,...,p^,] (cf. ([M]), ([M])), suitable derivatives of H x (q,z) form a 
meromorphic basis 10 ! of H^(IX) (cf. ([64"]) ). This shows that N components H^ v (q,z) 
of H x (q, z) are linearly independent for generic values of Ai, . . . , A m . □ 

From this lemma, we know that there exist coefficient functions c CT}V (X) such that 

(79) T^{q-z)= J2 c a , v (\)H^(q,e™z). 

(cr,v)eIX T 

We will determine an analytic function c ajV (X) in A by putting z = 1 and studying the 
asymptotic behavior of the both hand sides in the limit q a \ +0. 

We start with the oscillatory integral. Take a fixed point a G X T . Define I a G A 
by l u = {i ; a ^ {z.- L = 0}}. We can take {wj ; j ^ I a } as a co-ordinate system 
on Y q n Yr = Tr. We can express u>j for i G I a in terms of {u>j ; j ^ J CT } and q a , 
a = 1 , . . . , r by solving ([4"7]) . Put 

r 

n£ a t — r 6- 

a=l 

Here (^f a )iG/ CT ,i<a<r is the matrix inverse to (mj a )j G /<T 5 i< a < r . Because p a G cl(C#) C 
X^iejCT ^>oD{, it follows that £f a > 0. We can see that bfj G Q is determined by 
bi = Ylj<£i<* bljbj in N Cg) R. Let V(a) be n!|AT tor | times the volume of the convex hull 
of {bj ; j ^ I a } U {0} in N ® M. The holomorphic volume form oj q can be written in 
terms of {wj ; j £ I a } as 

1 -p-r (fu)j 

V ' W 3 



0J„ 
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Here we regard H^(IX) as a vector bundle over Spec _f/^(pt) as in Remark 14. 161 
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We set 



IW :={d£h®Q; (D h d) £ Z> ,V* G F} = 



Here, 1% G L ® Q is defined by (p a ,^f) = C- Then we have K eff = LUa^ K eff, CT - We 



denote by p^ ") an d Dj(a) the restrictions of p^,Dj £ Hj<{X) to the fixed point a. 
By using D, (<t) = for j G / CT and CZ3J), we calculate 

For a function /(<?i, . . . ,q r ) 'm (q±, ... ,q r ) E (M>o) r , we write f(qi, ... ,q r ) = O(M) for 
Mel when /(%, . . . , tg r ) = 0(t M ) as t \ +0. 

Lemma 4.20. Let a be a fixed point in X. For any M > 0, there exists M' > 
such that the following holds. For Ai,... ,X m such that K(— Dj (cr)/(27ri)) > M' for 
all j ^ I a , Xp (q, —1) with {q\, . . . ,q r ) G (M>o) r /ias i/ie expansion 



i£jq,-i) = (-iy 



,(Ai+-+A m )/2 



E 



^>0J 

(e -7ri ^g) d 



\ |d|<M 



2yri 



+ 0(M) 



where \d\ := J2a=i (Pa,d) and we set 



( e --^)W := H(e-^q a )^, {e'^qf := n(e~* lpa ?a) <p "' d> . 



a=l 



a=l 



Proof. Using the notation above and (|8l)p . we can write 



where we put w b a l := Y\j0° w j 
Consider the Taylor expansion: 



,J ,io<7 2,ri ■=Y\j^ I ^w j ^ and dw a /w a -.= 11^^ (dwj/w 



3 J 



cxp 



E 



E 



rw(-i) ni ^ r < A 



ni>0 ; ie-f CT , 
|£ i6JCT n(/f|<Af 



n 



+ 0(M). 



When 3?(— Z) ■ (<r)/(27ri)) is sufficiently big for all j ^ I' 7 , each term in the right-hand 

side is integrable for the measure e ^rt 1 " 7 Wj w a 27rl (dwrj/w a ) on (0, oo) n . Therefore, 
we calculate 

/ \ 



^.(9.-1) 



(2iri) n V{a) 



\ |d|<M 



+ 0(M) 



/ 
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where d = J2iei° n ^i- Using n { = (D i} d), J2iei<? n i b ij = ~ ( D j' d ) and T(z)T(l - z) = 
7r/sin(-7rz), we arrive at the formula in the lemma. □ 

Next we study the asymptotics of H^ v (q,e 7r:L ) in the limit q \ +0. 

Lemma 4.21. Let a be a fixed point in X . For a given M > 0, there exists an open 
set V C (<C) m such that both the expansion in Lemma \4-20 and the expansion 

fl^foe* 1 ) = (-l)« e ( A i+-+ A -)/ 2 ( e — ^Pqf^r- 

/ -Trip \d 

£ { ] ; + 0(M) ifT = a; 

mv(v(d))=v,\d\<M 

0{M) ifr^a. 
hold when (Ai, . . . , A m ) G y. 

Proof. By the definition ([75]) of H x (q,z), it suffices to show that both the expansion 
in Lemma 14.201 and the inequality 

(81) X>(^)+^<X>(^)> Vr^a 

a=l a=l 

hold for some (Ai,...,A m ) G (iM) m . (Note that these are open conditions for A.) 
Hereafter we take Xj to be purely imaginary. Recall that X can be written as a 
symplectic quotient f) _1 (??)/TJj (|35|) and is endowed with the reduced symplectic form 
depending on 77. Without changing the orbifold X, we can choose the vector rj € L<g)IR 
to be pi + • • • + p r G Cx- Define a Hamiltonian function \\r\,\ : — > R by 

m ^ 

i) VjX (zi, . . . ,Z m ) = ~E 2^l^' 2 ' (^'•••> 2; m) G f)" 1 ^)- 
i=l 

This generates an (almost periodic) Hamiltonian M-action z^ \— > e~ x ' s Zi,s G 1R on A^. 
In general, an almost periodic Hamiltonian attains its global maximum at a critical 
point of index 2n = dimR X. (This follows from the so-called Mountain-Path Lemma 
and the fact that there are no critical points of odd index. See e.g. [6]). Because the 
weights of T a X for this IR-action are {Dj (<r)/(27ri) ; j £ I a }, it follows that 

(82) — (a) / (2iri) > 0, Vj ^ I a =^ fj^x attains its unique maximum at a 

By ([HOD, one can choose (Ai,...,A m ) G (iM) m so that -I^ A (<7)/(27ri), j $ I a are 
arbitrarily large positive numbers and that the expansion in Lemma 14.201 holds. Then 
by (|82|) . we know that fyr),\(p) > ^t?,a(t) for every other fixed point t ^ a. On the other 
hand, using rj = p\ + • • • +p T , we can easily show that = ~~ ^LiPaW/^)- 

Therefore, by rescaling Aj if necessary, we can achieve the inequality (|8ip . □ 

Comparing the expansions in Lemmas 14.201 and 14.211 we conclude 

1 



C (T,V (A) 



V(a) Y[ HIa (1 - e-s-i/^IAD-A {*) ) 
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where c ajV is the coefficient appearing in (fT9|) and f v {[Dj\) G [0,1) is the rational 
number associated to [Di\ £ H 2 (X,Z) (see Section [2] and (|44p). Hence, we find 

1 fd A (T^)| M) 

where Td (TX)\^ V ^ is the restriction of the equivariant Todd class Td (TX) to the 
fixed point (<r, v) in IX and e'r(T cr , ; f ( ,) is the T-equivariant Euler class of T a X v (regarded 
as a T-equivariant vector bundle over a point a). Here Aj is regarded as an element of 
fl|.(pt) and we used the fact that 

er(r ff ^) = [] A A (a). 
^/-,/„([A])=0 

Since V(o~) is the order of the automorphism group Aut(c) &t a £ X, the Equation 
(I76D follows from the localization theorem in T-equivariant cohomology [5]. 

AAA. Proof of (77]). We use (I71D when we prove the matching of pairings in Appendix 
16.31 Since the both-hand sides of (|7ip are monodromy-invariant, by (|34p . it suffices to 
prove that 

(-l)^ t (F(,,,)) = ^^e^ 
where i p t : pt — ► <Y C J-Y is an inclusion of a point and we used the fact that [C v t ] = 



(— l) n [O pt ]. By the residue calculations, the right-hand side is (see (135j) ): 

E 1 H 
fell- ••&,„! + 

(fcl,...,fc m )G(Z> ) m 

Efci kik=o 

Because (k\, . . . ,k m ) appearing in the summation gives an element d G L such that 
ki = (Di,d), we can see that this equals (— l) n i* t i?(g, z) by (fT3l) , 

5. Integral periods and crepant resolution conjecture 

In mirror symmetry for Calabi-Yau manifolds (see e.g. [2UII591I2U] ). flat co-ordinates 
(or mirror map) t% on the B-model in a neighborhood of a maximally unipotent mon- 
odromy point was given by periods over integral cycles A%, . . . , A r of a holomorphic 
n-form Q 

n = / O, 
■Mi 

where is normalized by the condition: 

= 1. 



'A, 

Here, Aq is a monodromy-invariant cycle (unique up to sign) and A\, ... , A r are such 
that they transforms under monodromy as Ai i— * A{ + fejAo- Thus, in Calabi-Yau case, 
/Zai co-ordinates are constructed as integral periods. 

In this section, we consider integral periods in the A-model by choosing some integral 
structure on it. The integral structure in this section does not need to be the T-integral 
structure. We study relationships between integral periods and flat co-ordinates in the 
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conformal limit (|85p . Then we discuss why quantum parameters should be specialized 
to roots of unity in Y. Ruan's crepant resolution conjecture &g\- Throughout this 
section, we assume that X is a weak Fano (i.e. p = c\{X) is nef) Gorenstein projective 
orbifold without generic stabilizer. 

5.1. Integral periods in the A-model. In what follows, we fix an integral lattice 
S{X)j J in the space S(X) of flat sections of the quantum D-module QDM{X) satisfying 

• S(X)z is invariant under the Galois action: G s (£)S(X)z = S(X)%, 

• The pairing (•, ■)$ restricts to a Z-valued pairing: S(X)z x S(X)z — > Z. 

An example is given by the T-integral structure S(X)% = Zk(K(X)). (See Definition 
12.91 Proposition 12.10]) . An integral period in the A-model is defined to be a pairing 
between a section of QDM(X) and an element of S(X)%. The quantum cohomology 
central charge (|25H is an example of integral periods. 

We set up the notation. We set V := H* lh (X). This is identified with S(X) via 
the cohomology framing i? co h : V = H* vh (X) — > S(X) in (|19|) . The integral structure 
S(X)z induces an integral lattice Vz in V: 

Vz := Z m {(S(X) z ) C V = HU(X). 

For A £ Vz and a G H* rh (X), we put 

n<X(T,z) := (a,Z coh (A)(r,z)) olh 

(83) 

= (^(r,-z)- 1 a,z-^M) orb , 

where we used L(r, —z)" 1 = L(t, z)^ . The quantum cohomology central charge ()25[) is 
given by ^(^) = 0(2)]!^^^. (We do not need the T-class to define IF|.) 

In order to consider the integral periods ([83]) without \ogz terms, we introduce the 
sublattice Vi, P C Vz by 

Vz.p := Ker(p) n V z . 

By the assumption that X is Gorenstein, all the ages l v are integers and H* Th (X) is 
graded by even integers. Therefore, an element of Vz, P corresponds to a flat section 
which is single- valued (when n = dime X is even) or two- valued (when n is odd) under 
-^coh- We write the integral period 11^ for A £ Vz, P as a pairing on the "two- valued 
Givental space" H: 

H:=H®o(c*)0(C* zl/2 ), 

where C* 1/2 — ► C* denotes the double cover of the z-plane. The pairing ([271) on 7i is 
naturally extended to H as 

(a^ 2 ),^ 2 )^ = (a(i^/2) )/3(z i/2 ))orb . 
Then we have for A G Vz iP 

(84) n^(r,z) = (Jf r a,2;-M) w , 

where J T a = L(r, z)~~ 1 a is given in (I3ip . Recall that J T a is lying on the semi-infinite 
Hodge structure F r in Section 12.51 
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5.2. Conformal limit and integral periods. By conformal limit we mean the fol- 
lowing limit sequence in H% lh (X): 

(85) r-sp, K(s)^oo 

with a fixed r E H 2 lh (X). Using the assumption that p = c\(X) is nef, we can define 
the conformal limit of J T = L(r, z)^ 1 as follows: 

JCa := lim e s ^J r _ sp a 

SR(s)->oo 



V (d,0^(0,0), i=l X Y ' 0,«+2,d 

dGKcr(p) 

Here we put r = To,2 + Ttw with r 0j 2 E H 2 (X) and r tw G 0^=i #°(<*i>) and used ([3TT) 
and the fact that (p, d) > for all d G ES X . When a E #o r fc b 0*), 

(a) is homogeneous 

of degree 2k if we set deg(z) = 2. 

Definition 5.1. Assume that p = c\{X) is nef. Let r i— > ¥ T be the quantum cohomol- 
ogy ^VHS in Section T2.5I The conformal limit quantum cohomology ^ VHS is defined 
to be 

¥ C T := lim e^ z ¥^ sp = r T (H* Tb (X)®0(C*)), r E H 2 ovh (X). 

5K(s)-^oo 

This satisfies ¥^ +ap = e ap ' z ¥ c T and is homogeneous (zd z + /i)F£ E F£. 

Remark 5.2. The new ^VHS F£ can be also defined in terms of the "conformal quan- 
tum product" lim^^^oo o T _ sp and the Dubrovin connection associated to it. This con- 
formal limit of quantum cohomology is closely related to Y. Ruan's quantum corrected 
ring [66], which is defined by counting rational curves contained in the exceptional 
locus (in the case of crepant resolution). The conformal limit of a ^VHS appears 
in the work of Sabbah |671 Part I] as the associated graded of a free C[z]-module 
(an algebraization of z ¥ T ) with respect to the Kashiwara-Malgrange ^/-filtration at 
z = oo. See also Hertling and Sevenheck \42\ Section 7] for a review. 

In the conformal limit, the ^VHS reduces to a finite dimensional VHS. We define 
subspaces Hq, F£ of H by 

Hq := Kex(zd z + »), ¥ C T := F= <g. 0(c .) 0(C* 1/2 ). 

The pairing (-,-)n on "H induces a (— l) n -symmetric C-valued pairing (-,-)h on Hq. 
The semi-infinite flag • • • D z F£ DF^D z¥^ D • • • restricts to a finite dimensional 
flag H Q = D &\ D ■ ■ ■ D D 0: 

#P ;= z P-n/2fc nHo = g panc | z P-n/2jc (z i a) . Q £ R 2n-2 P -2j ^ . > q| 

satisfying the Griffiths transversality and Hodge-Riemann bilinear relation: 
Conversely, the finite dimensional VHS recovers ¥ C T by 

F c = z -n/2#n ^ 0( q + z -n/2+l^a-l ^ + ... + z n/2^0 ^ ( C ), 
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The integral structure on the A-model ^VHS does not induce a full integral lattice 
in Hq. One can see however that the lattice Vz,p is naturally contained in Hq by 
A i ^ z~^A as a partial lattice. An integral period for A G Vz, P is related to a period 
of the finite dimensional VHS {^f- C Hq} as follows. 

Lemma 5.3. For A G Vz,p o^c? a 6 2p (<-f), i/ie integral period H^(t, z) in |&^[ ) 

converges to the period of the finite dimensional VHS C Hq in the conformal limit: 

(87) lim z p - n ' 2 Tl a A (T - sp, z) = {z p - n l 2 T T a, z^A) Ho G C. 

Note that z p ~ n l 2 J c T a G ,9^ T and that the limit depends only on r G H 2 rh (X)/Cp. 

Remark 5.4. When the real structure S{X)j d ® K makes F£ a pure and polarized 
^VHS (see [Ml Section 2]), the finite dimensional VHS ,9^ satisfies the Hodge decom- 
position and Hodge-Riemann bilinear inequality: 

H = ^ T (BK Ho (^- p+1 ), (-i) 2p - n (0,^ o (^)k o >0 

where kh is the real involution on Hq and <f> £ =^r H kh (^t~ P )- 

5.3. Co-ordinates on .ff^ b (AQ via integral periods. We use periods for C 
i?o to construct a co- ordinate system on H 2 lh (X). Note that J^J = z n/2 ¥ c D H = 
z n l 2 2 c T (H® rh (X)) is one dimensional over C. Using the Galois action, we take a good 
set of integral vectors in Vz, P to measure 

Choose an ample line bundle L pulled back from the coarse moduli space X of 
X. Then the Galois action G S ([L]) is unipotent (since f v {[L\) = in ([20]) ) and its 
logarithm M = Log(^ ( ^ l j 1 G <s ([-L])Z co h) = — 2-n\c\{L) defines a weight filtration W k on 
V. This is an increasing filtration characterized by the condition: 

MW k C W k _ 2 , M k : Grf(V) - Gr w k (V), 

where Grjf (V) = W k /W k -i. It is given by (independent of a choice of L) 

(88) W k = ($H^ k (X v ). 

veT 

The weight filtration is defined over Q (with respect to the lattice Vz). Similarly, the 
subspace Ker(H 2 (X)) := {a G V = H* vh (X) ; t , 2 • a = 0,Vr , 2 G H 2 (X)} is also 
characterized by Galois actions and is defined over Q. These subspaces define the 
following filtration on Vz,p- 

(W- n n V z ,p) C (Ker(H 2 (X)) n w„ n+2 n V z ,p) c (W_ n+2 n Vz,„) 

which are full lattices of the vector spaces: 

H 2n (X) C H 2n {X) © H 2n "(X v ) C (ii^ 2n - 2 (;r) nKer(p)) © H 2n *{X v ). 

n v =n—2 n v =n—2 

Since X is Gorenstein, we have no v G T satisfying n„ = n — 1 and l v = 1 if n„ = 
n — 2. Thus these subspaces are contained in H^ l ~ 2 (X). We take integral vectors 
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Aq, Ax, . . . , A\,, ^4f+i) • • • , -Aj) in Vz,p compatible with this filtration: 

W-n n V Z ,p = ZA Q , 
Kev(H 2 (X)) n W_ n+2 n Vz, P = ZA + ELi ^ 

n v z , p = za + eS=i z ^ + ELb+i Zj4 - 

The vector G H 2n (X) is unique up to sign and invariant under all Galois ac- 
tion. In analogy with the Calabi-Yau B-model, we normalize a generator Q T G ^ = 
z n l 2 T{H Q orh {X)) by the condition 

(89) {Q T ,z-^A ) Ho = 1. 

Using the expression ([55]) . one can easily see that il r = z n ' 2 ^((i n ao)~ 1 1) with ciq := 
(1, Ao)orb- The normalized integral period Ha (t) of A G Vz,p is defined by (c/. (1571) ) 

n A (r) := (fi T , ^A) Ho , r G F 2 rb (^). 

The filter W- n+ 2 fl Vz,p does not necessarily span i7^ n_2 (A') n Ker(p). 

Proposition 5.5. For r G ff 2 rb (;f ), we write r = T 0i2 +T tw = T 0,2+'7tw+ T tw T 0y2 G 
# 2 (*), r tw G ® Lv=l H°(X v ), rl w G n , =n _ 2 ^°(^)_an^; G ©^ <n _ 2 , t „ =1 #°(^)- 
Sei Oj := (l,^4j) or b- 27ie normalized integral periods n Ai (r) giwe an affine co-ordinate 
system on the space (H 2 (X)/Cp) © © n „ =n _ 2 

n ^( r ) = a o la i ~ ( r tw, ao 1 A)orb, 1 < * < b, 

n^t/r) = a 1 o» - (T t ' w , Oq 1 ^4i)orb - ^ r o,2 n [Q], b + 1 < i < (J 

where [Ci] G H2(X) is the Poincare dual of the H 2n ~ 2 (X)- component of Ai and 

(90) [Cj] G -fT 2 (X, Z) n Ker /9, where X is the coarse moduli space of X. 

Here, [C|, + i], . . . , [Cj] /orm a Q-basis of i? 2 (X, Q) n Ker p. TTie period of a class B G 
Ker(ff 2 (A')) Pi V^,p is possibly non-linear and has the asymptotic 

II B (r) ~ a l b - (rtw, o ljB )orb, & := (1, ^)orb 

in i/ie large radius limit (0). T/ie constant term 1 a- l (resp. a^b) is a rational number 
if the following condition [UJ\) (resp. fPlj)) holds. 

(91) T/ie projection W- n+ 2 fl Ker(p) — > H 2n (X) is defined over Q. 

{H*(X) is generated by H 2 (X) and 
\/v G T (u / => 3£ G F 2 (;r,Z) suc/i taaf /„(£) > 0). 



(92) 



Itere the projection in 1191]) is to take the H 2n (X) -component. Recall that TU_ n + 2 D 
Ker(p) = (^ 2 "" 2 (*) nKer(p)) © 0„„ =n _ 2 ^ 2n »(Af„). 
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Proof. By (|86p and the string equation (see [2]), J£ 1 can be written as follows: 



rrC 



V - deBS x nKev(p),i=l X 1 W/o,i+w / 

Z>0, 
d=0=>Z>2. 

= l + ^ + ^o- r 4 b W®C[z- 1 ] 

The expressions for 11^(7"), IIb(t) easily follow from this. 

If £ G H 2 (X,Z) is an integral class on the coarse moduli space, G 5 (£) acts on 
V by e _27rl £ by (|20|) . Because the Galois action preserves the integral structure, 
e~ 27ri ^Ai = Ai — rriiAo for some integer mj. Here, 2iri£,Ai = rriiAo. Hence, £ n [Cj] = 
(£, 27riaQ 1 j4j)orb = % 27ri£ylj) or b = mj £ Z. This shows (|9Up. 

Under the condition (|9ip . the ^^"(AQ-component of Aj is of the form for 
Q G Q. Hence a% = (1, Aj) or b = Cj(l, Aq) = Qao and clq is rational. 

Under the condition (|92|) . we have the decomposition Kev(H 2 (X)) = H 2n (X) © 
(Ker(H 2 (X)) n ©^gj By a consideration of the Galois action, we can easily 

see that this is defined over Q. The rationality of Oq 1 b follows similarly. □ 

Remark 5.6. The rationality of Oq a^, a$ 1 b are related to the rationality of special- 
ization values in crepant resolution conjecture. The condition (I9ip is satisfied by the 
T-integral structure. See Section 15.41 below. 

5.4. Example: T-integral structure. Here we take S(X)z to be the T-integral struc- 
ture in Definition 12.91 and compute some examples of integral periods. The lattice Vz 
is given by ^f(K(X)). By a natural map from the if-group of coherent sheaves to the 
i^-group of topological orbifold vector bundles, we can regard a coherent sheaf as an 
element of K{X). The integral vector Aq G W- n n Vi, P comes from the structure sheaf 
O x of a non-stacky point x G X: 

Here, we used the Poincare duality to identify [pt] G Hq(X) with an element in H 2n (X). 
Hence we have Sl T = (-l) n (2vr)- n / 2 z n / 2 J^ 1. 



5.4.1. A smooth curve. Let X = X be a manifold and C C X be a smooth curve of 
genus g such that [C] n c\(X) = 0. Then the structure sheaf Oc(g — 1) defines an 
integral vector Ac G W- n+ 2 D Vz iP 

Ac == nOc{g - 1)) = \ I l/o [C] 



and an integral period 

nA C (r) = 
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5.4.2. A general element in W- n+ 2 fl Vz lP - Let *f>(V) G W- n+ 2 H Vz,p be an arbitrary 
element. Using the fact that the untwisted sector of T(TX) is of the form 1 — 7/5 + 
i7- 4 (A') (7 is the Euler constant) and that p ■ ch(V) = 0, we can see that the H 2n (X) 
component of ¥(V) belongs to (27ry n/2 (27ri) n H 2n (X, Q) = QA . Therefore, the 
condition (|9ip holds for the T-integral structure. We have 

n*(v)(r) = J x c Hv) - K w ,a ^(y)) orb - ^-To, 2 n [c]. 

for some [C] G H 2 (X,Z) n Kerp and a = (27r)- n / 2 (2vri) n . 

5.4.3. ^4 stacky point. Let ?/ £ ^ be a possibly stacky point. Let g: Aut(y) — > End(U) 
be a finite dimensional representation of the automorphism group of y. This defines a 
coherent sheaf O y (g> V supported on y and an integral vector -A^y) := ^(Cy ® V) G 
Ker(ff 2 (Af)) n Vz )P . Using Toen's Riemann-Roch theorem [70], one calculates 

_ (27ri) n (-l) n+w "(«) +t "(g) Tr(g(ff^)) r 

where the sum is over all conjugacy classes (g) of g G Aut(y), C{g) is the centralizer 
of g, v(g) G T is the inertia component containing (y,g) G IX, [pt]„( g ) is the homology 
class of a point on X v ^ (represented by a map pt — > of stacks), . . . f g ^ n -n v ^ g) 
are rational numbers in (0, 1) such that {e 2nl ^ 3 - : '}j is a multi-set of the eigenvalues 7^ 1 
of the g action on T y X . The corresponding integral period behaves 

TT U\ ^C^) J Tr (g(g)) ^ n r ,1 

} I Aut ^> n;=i" (9) r(i - 



=1 



in the large radius limit. This is an exact formula ii y ^ X v for all v with codimA?„ = 
n — n v > 3 or equivalently, ^Wy) G Ker(H 2 (X)) n W- n+ 2 D Vz,p- 

Note that the subspace Vt op := ©i, g j -ff 2n " (A^) C V is spanned by the integral 
vectors ^(^y) above, so is defined over Q for the T-integral structure. (This may not 
be true for an arbitrary integral structure.) For an integral vector ^(V) in Vtop, the 
period n^(y)(r) takes the rational value J x ch.(V) at the large radius limit. 

5.5. Crepant resolution conjecture with an integral structure. Yongbin Ruan's 
crepant resolution conjecture [66] states that when Y is a crepant resolution of the 
coarse moduli space X of a Gorenstein orbifold X, 

tt:Y^X, tt*(K x ) = K y , 

the (orbifold) quantum cohomology of X and Y are related by analytic continuation in 
quantum parameters. This conjecture was formulated more precisely by Bryan-Graber 
|15j as an isomorphism of Frobenius manifolds (under the Hard Lefschetz condition). 
In the joint work [26] with Coates and Tseng, based on the toric mirror picture, we 
gave a conjecture that the A-model ^VHS of X and Y are related by an 0(C*)-linear 
symplectic transformation U: 7i x — * 7i Y between the Givental spaces. (This does not 
need the Hard Lefschetz condition.) This symplectic transformation U encodes all the 
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information on relationships between the genus zero Gromov-Witten theories of X and 
Y. See [23 [SO] for expositions and [2T] for local examples. 

In this section, we incorporate integral structures into this picture and propose a 
possible relationship between the if -group McKay correspondence and the crepant 
resolution conjecture. We use a superscript to distinguish the spaces X, Y, e.g. 7i x , 
U Y etc. 

Proposal 5.7. (a) For each smooth Deligne-Mumford stack X with a projective coarse 
moduli space, the space S(X) of flat sections of the quantum D-module admits a Z- 
lattice S(X)z which is given by the image of the topological if -group under a K-group 
framing Z^: 

Z%: K{X) -+S(X), V >-> L{t,z)z-^z p ^ x (V), 

where ^ x is a map from K(X) to H* rb (X) and L(t,z) is the fundamental solution 
(jlip . We hope that S(X)z is given by the T-integral structure, namely, ^S> x is given by 
(I24p . In the discussion below, we only need to assume that satisfies the conclusions 
of Proposition 12.101 

(b) Let Y be a crepant resolution of the coarse moduli space A" of a Gorenstein 
orbifold X. The K-group McKay correspondence predicts that we have an isomorphism 
of if -groups 

U^: K(X) 9* K{Y) 

which preserves the Mukai pairing (given in Proposition I2.10p and commutes with the 
tensor by a topological line bundle L on the coarse moduli space of X, \Jk(L (8> •) = 

(c) The quantum D-modules QDM(X), QDM(Y) with integral structures S(X)%, 
S(Y)z become isomorphic under analytic continuation. The isomorphism of S{X)i 
and S(Y)% are induced from the If -group McKay correspondence Ux : K{X) — » K (Y) 
via the if -group framings. 

In terms of the ^VHS introduced in Section 12.51 we have a degree-preserving^] 
0(C*)-linear symplectic isomorphism U: TL X — > TL Y and a map T from a subdomain 
of H* lh (X) to a subdomain of H*(Y) (where the quantum cohomology is analytically 
continued) such that the ^VHS of X and Y are identified by U 

U(F*)=F^ (r) 

and that U is induced from Vk by the commutative diagram: 



K{X) -H*-> K(Y) 



(93) z -n x PiBX 



n x ®o[c*) o(c*) — ^ n Y ®o(c*) o{c*). 

where fx, p in the left/right vertical arrow are those for X/Y. □ 

We hope that the isomorphism Vk in (b) arises from a geometric correspondence 
such as Fourier-Mukai transformations. In fact, Borisov-Horja [12] showed that an 



The grading on Ti is given by deg z — 2 and the grading on orbifold cohomology. 
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analytic continuation of solutions to the GKZ-system corresponds to a Fourier-Mukai 
transformation between K-groups of toric Calabi-Yau orbifolds. 

Remark 5.8. As formulated in [26, 27], the symplectic transformation U identifies the 
Givental's Lagrangian cone (|30l) . i.e. U£ x = C Y . Thus the relationship of the genus 
zero descendant potentials of X and Y is completely described by U. 

We discuss what follows from this proposal assuming X is weak Fano, i.e. c\{X) is 
nef . As discussed in [26] , this picture implies that quantum cohomology of X and Y are 
identified via T and U as a family of algebras (not necessarily as Frobenius manifolds) . 
However, the large radius limit points for X and Y are not identified under T, so we 
need actual analytic continuations. We refer the reader to [26 \ \27\ [50] for these things. 
Let us first observe that integral periods of X and Y in the conformal limit match 
under T and U (see (I95D below). Because U# commutes with the tensor by a line 
bundle pulled back from X, it follows that U must commute with H 2 (X) ((b), Section 
5 in [26J; (b), Conjecture 4.1 in [27]), i.e. 

(94) U(aU-) =7r*(a)UU(-), aeH 2 (X). 

Since X is weak Fano, by the discussion leading to Theorem 8.2 in [27] (essentially 
using Lemma 5.1 ibid.), we know that T should map H 2 lh (X) to H 2 (Y): 

T(H 2 orh (X)) C H 2 (Y). 

The conformal limit r — > r — sp, 3ft(s) -> oo on H 2 lh (X) should also be mapped to the 
conformal limit on H 2 (Y) under T because this flow is generated by the Euler vector 
field and the two Euler vector fields should match under T (the Euler vector field is a 
part of the data of a quantum .D-module). Therefore, by (f9"4"|) and ir*c\(X) = ci(Y), 
the conformal limit of the ^ VHSs (Definition 15.1)) also match under U: 

U(F^) =F c t | t) . 

In particular, the finite dimensional VHS's (^ X,m C H x ), C Hq) associated 

with these also match: 

U(J^'*) = J^' ( ' t) , U: U X D H x -» H% C U y . 

We used the fact that U induces a map from H x = Ker(z<9 z + \i ) to Hq = Ker(zd z + 
p Y ). Set V x := H* rh (X), V Y := H*(Y) and let U v : V x -» V Y be the map induced 
from Uk (via \P) 

K (X) K(Y) 



V x Vv ) V Y . 
This again commutes with H 2 {X) and is related to U by 

U = z-" Y z pY U v z- pX z» X = z-^Uvz^. 

The integral structures S(X)z, S{Y)i induce the lattices V x = Z~ o ^(S(X)z) = 
^ X (K(X)), V\ = Z-\(S(Y) Z ) = V Y (K(Y)) as before. Let L be an ample line 
bundle on X. Consider the weig ht filtration W x ((HHJ) on V x defined by the Galois 
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action logarithm —2irici(L). The first term W_ n of the weight filtration is given by 
Im(ci(L) n ). Thus \J v (W x n ) = Im(vr*(ci(L)) n ) = H 2n (Y). Note that vr*(ci(L)) n is 
non-trivial since ir: Y — » X is birational. Therefore, for the weig ht filtration W Y on 
V y (defined by an ample class on Y), we have 

U v (W x n ) = W Y _ n . 

As we did before, we use an integral vector A x (unique up to sign) in W x n n V x p 
to normalize a generator £l x G ^P' n and then use A Y := Uv(A*) G W2T„ H V|„ to 
normalize G ^"^' n (see (|89l) ). Because the U preserves the pairing, we have 

u(n?) = n£ (r) . 

When A* G V^ p = D Ker(ci(A?)), the corresponding vector A y = Uv(A x ) belongs 
to V Y n Ker(7r*(ci(<f ))) = V|\, and the integral periods match 

(95) Hj*(r) = (fl* z^A*)** = (n? (T)l z-"A y ) ff y =Sjy(T(r)). 

Now we can make predictions on the specialization values of quantum parameters. 
Note that KeT(ir* H 2 (X)) C V Y is defined over Q. Take a basis A Y ,Aj,...,A Y of 
Ker(ir*H 2 (X)) n Wl„ +2 n V Y p . These generate a full lattice in H 2n (Y) (H 2n - 2 (Y) n 
Ker7r*) over C. By Proposition 15.51 the integral periods for A Y , . . . ,AY are of the 
form: 

(96) njr(r) = o^Oj - ^[Q] n r, a, := (Af, 1). 

Here [d], [C^] G H 2 (Y, Z) n Ker tt* are a Q-basis of fl^Y, Q) n Ker tt*. So TT^y (r), 
1 < i < tj> form an affine co-ordinate system on H 2 (Y)/ Iran* . The integral vector Af 
corresponding to Aj belongs to Kei(H 2 (X)) n V x p . From (|95l) . Proposition 15.51 and 
examples in Section [5.41 Proposal 15.71 yields the following prediction: 

(i) Assume that the condition (l92|) holds for X. Then the integral periods H a y(t) 

i 

(|96p for y take rational values at the large radius limit point of X. 

(ii) Assume in addition to (i) that the condition (|9ip (with X there replaced with 
Y) holds for the rational structure on V Y . Then Oq 1 aj in (j96H is rational, so 
the "quantum parameter" qc ■= exp([C] n r) with [C] G H2(Y,Z) n Ker7r* for 
Y specializes to a root of unity at the large radius limit point of X. 

(iii) Assume that Proposal 15.71 holds for the T-integral structures on X and Y. 
Let C C Y be a smooth rational curve in the exceptional set. If U^- 1 sends 
[Oc(-l)} G K(Y) to [O x ®V] G K{X) for x = tt(C) and some representation V 
of Aut(x), the quantum parameter qc specializes to exp(— 2tt± dim V/\ Aut(x)|) 
at the large radius limit point of X. 

For the A n surface singularity resolution, each irreducible curve in the exceptional 
set corresponds to a one-dimensional irreducible representation of TLj (n+l)Z under the 
McKay correspondence. If we use this McKay correspondence as U^-, the prediction of 
specialization values made in (iii) is true [22J. Also, under the McKay correspondence, 
(iii) gives the same prediction (up to complex conjugation) made by Bryan-Graber 
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|15] . Bryan-Gholampour [14J for the ADE surface singularities and C 3 /G with a finite 
subgroup G C SO (3). 

The equality (I95p of integral periods can also predict the co-ordinate change T. See 
|50} Example 2.16, Section 3.8] for local Calabi-Yau examples. 



6.1. Proof of LemmaES Let A be a face of S (0 < dim A < n-1). Let B A C (C*) r 
be the discriminant locus of W q ^{y), i.e. the set of points q = (gi, . . . ,q r ) such that 
W q ^(y) has a critical point y £ (C*) r . It suffices to show that the closure B& of 
B& in C r does not contain the origin. Suppose G -Ba- Then there exists a curve 
a: SpecCjT] — > i?A such that a(0) = and a restricts to a: SpecC((T)) — > 
We can find a critical point y(T) of W q=a ^) t A(y) defined over the field C((T)) = 
UfceN C^T 1 ^)) of Puiseux series. We take the leading terms of the T-expansions: 



Note that d a > since a(0) = 0. Put hi := Yla=i had a - (See Section [3.2 . 1 1 for £i a .) 
We claim that the piecewise linear function h : N ® M — > K on the fan £ defined by 
= Tij for 1 < i < m! is strictly convex (with respect to X) and < hj for 

m' < j < m. Since X^a=i ^aPa G C,¥> for each "anticone" I £ A, there exist fc, > 0, 
i£ J such that X^a=i ^aPa = Sie/ kiDi. Using p a = YaLi ^dia and the exact sequence 
dual to (|36p . we have a linear function 99 : AT" % R — > R such that </?(&j) = hi — ki for 
i £ J and = /ij for i I. Since (p is a linear function which coincides with /i on 
the cone ^jg/R>o&i> the claim follows. Now consider the leading term of the critical 
point equation dW a rr) a(v) = : 



where g is the minimal exponent and the last summation is over 1 < i < m such that 
h% + YJj=x bijfj = 9 an d h £ A. The above claim shows that the b^s appearing in the 
leading term span a cone in £ and are linearly independent. This is a contradiction. 

6.2. Proof of Lemma 13.111 Let B C Ai° x C* be a compact set. We need to show 
that B' = {(q,z,y) ; (q,z) £ B, y G Y q , \\dfq )Z (y)\\ < e} is compact. Assume that 
there exists a divergent sequence {(g(fc), zha , 2/(fe))}&Lo m ^ ' *- e - an y subsequence of it 
does not converge. Take an arbitrary Hermitian norm || • || on N ® C. Note that we 
have 



6. Appendix 



a a {T) = c a T da + h.o.t., c a ^0, 1 < a < r, 
yi(T) = + h.o.t., Si / 0, 1 < % < n. 




he A 



\\df q Ay)\\ = T i\\J2i ii y bi bi 



By passing to a subsequence and renumbering bi, ... , 6 m , we can assume that g^) and 
converge and that > > ■ ■ ■ > f° r an Since is in the interior 

of S, there exist Cj > such that X)2=i C A = 0- Hence Jll^i ly(fe)| Ci = Because y^ 
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diverges, we must have lim^oc \y(l\\ = oo. Since \\df q ^ k)jZ(k) (y^k))\\ 1S bounded, we have 



Because ly^^l < 1, by passing to a subsequence again, we can assume that y b ^ bl 
converges to a% ^ for all 1 < i < / and 1 g° es to for i > L Then we have 

= V cfraibi, q = lim q (k) G 

' — * k— >oo 

i=l 

Put := l°g ?/(&),*• By choosing a suitable branch of the logarithm, we can assume 
that limfc^oo &j - &i) = logo; for 1 < i < I and lim^oo (M(£( k )), 6» - &i) = -oo 
for i > i. Let V be the C subspace of N (g) C spanned by 6j — 6i with 1 < i < /. Take 
the orthogonal decomposition N <g) C = V © l/ -1 and write = £/ fc j + where 
C k -, G V and G V^. Then converges to some £' G V. Putting yi = exp(^), we 
have y bi ~ bl = ai for 1 < i < I and so 

i l 

(97) £>V^ = y bl (Y,^y bl ~ blb ^ = °- 

i=i i=i 

On the other hand, for a sufficiently big k, ^5ft(^p>6i — i>i^ = for 1 < i < Z and 
6j — 6i ) < for i > I. This means that b±, . . . ,bi are on some face A of 5. 



But the equation (|97p shows that y is a critical point of Wq t &. This contradicts to the 
assumption that Wq is non-degenerate at infinity. 

6.3. The pairings match under mirror symmetry. We give a proof of (•, -^(o) = 
(r x id)*(-, -)f in Proposition 14.81 Firstly we show that (•, -)tj.Co) is a constant multiple 
of (r x id)*(-, -)f. The argument here follows the line of [261 Proposition 3.6], where the 
case X = P(l, 1, 1, 3) was discussed. We work on the (pulled back) A-model D-module 
via the identification Mir. Let 

(v)b,(t(<z),z) : F (r(q)-z) X F (r{q),z) ~> C 

be the pairing induced from the B-model pairing (•, -)^(o) via Mir. Via the fundamental 
solution (fTT]) . this induces a pairing ((•, -))b on the Givental space TL (see (f2"6"|) and (|28p ): 

((a(z),(3(z))) B := (L(r(q),-z)a(-z),L(T(q),z)P(z)) B)iT{q)z) 

for a(z),/3(z) G TL. Since (-,-)b is V-flat, ((a(z), f3(z))) B is independent of q. By the 
discussion after Conjecture 14.3} the monodromy over A4 gives all the Galois actions of 
H 2 (X,Z). Since the B-model pairing is monodromy- invariant, we have 

(98) ((a(z),[3(z))) B = ((G n (Oa(z),G' H (m^))B. 

Taking £ G H 2 {X,7L) to be classes pulled-back from the coarse moduli space X (so 
that f v (£) =0 for v G T) and using (j29j) . one can deduce 

(99) ((to,2 • a(z),p(z))) B = {(a(z),r ,2 ■ P(z))) B , r , 2 G H 2 (X). 
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By ([98]) and (f99|) . one can see that the semisimple part seT e 2 " 1 ^^' of G n (^) also 
preserves ((•, -))b- This implies that, for a G H*(X V ), j3 G H*(X v i), 

(100) (K/?))b = if v' / inv(u). 

Here we used the fact that v' = mv(y) if /„(£) + /„/(£) G Z for all f G H 2 (X, Z). By 
the definition of ((•, -))b, one has for a,/3 G ff* rb (^), 

(a, /3)B,(r( g ), z ) = ((^(^rV^fa)^) -1 /?)^ 

„ (( e Ea=lPalog9aA a)e Ea=lPc,log?a/^)) B = ((a, (3)) B ZSq^O, 

where we used (|3lT) . (1601) and (f99l) . Since the left-hand side is regular at z = 0, we 
know that ((a, [3))b is regular at z = 0. Moreover, since (•, -)b is V 2( g z -flat, we have 

(101) a04a,/3)) B = ^(dega + deg/3 - 2n)((a,/3)) B + ~((p • a,P)) B - -{{a,p- 0))b 

by the second equation of (fT2j) . The last two terms cancel by (ffilj) and so ((•, -))b is of 
degree — 2n when we set deg z = 2. 

Now we claim that ((a, (3])b G C for a,/3 G i?* rb (<%"). To show the claim, by ([99]) . 
(|100|) and the Lefschetz decomposition, it suffices to show that ((a,ui k f3)) G C for 
primitive classes a G H*(X V ), (3 G H*(X- mv ^) with respect to a Kahler class w. By 
the homogeneity JED} of ((-,-))b, we have ((a,u fc /?)) G Cz^J^^/ 3 - 2 "). By the 
regularity at z = 0, this is zero unless 2k + deg a + deg (3 > 2n. When 2k + deg a + 
deg/3 > 2n, it follows from the Lefschetz decomposition that u> k a = or uj k (3 = 0. 

By this claim, one has (a, /3)b,(t( 3 ),2) = ((£0"(<?)^)~ 1 «> ^(a), z) _1 /9))b = ((«,/?))b + 
0(1/ z) for a-,/3 G i?* rb (Af). Because (a, /3)B,(r(g),z) i s regular at z = 0, we have 
(a, (3)-B,Mq),z) = (( q >/3))b G C and this is independent of (/ and z. Now the V-flatness 
of (•, -)b gives the Frobenius property 

(n(d a ) oa,P) B = (a,n(d a ) o/3) B , d a = q a (d/dq a ), 

where we identify t*(<9 q ) with a section of (r x id)*F and the subscript (r(g),z) is 
omitted. Since r*(<9 a )o corresponds to the multiplication by p a in the Batyrev ring (see 
Proposition 13. 10|) . r*(9 a ) generates the quantum cohomology over 1. Therefore, the 
pairing (•, -)b is completely determined by the value (1,7)3 G C for a top dimensional 
class 7 G H 2n (X) and is proportional to (-,-)f- 

Finally, we fix the constant ambiguity. Theorem 14.141 implies that the Tr and T c 
corresponds to the linear functions x(~ ® C)t , ))X( — ® Opt) on the if -group. (See the 
proof of Theorem l4.11l in Section r 4.3.1l ) The pairings match under this correspondence 
fj(rR n T c ) = 1 = x(®x ® ^pt) ; so the proportionality constant is one. □ 
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